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A CHARACTERIZATION OF TWO WEIGHT NORM INEQUALITIES 
FOR MAXIMAL SINGULAR INTEGRALS WITH ONE DOUBLING 

MEASURE 

MICHAEL T. LACEY, ERIC T. SAWYER, AND IGNACIO URIARTE-TUERO 



Abstract. Let a and w be positive Borel measures on K with a doubling. Suppose first 
that 1 < p < 2. We characterize boundedness of certain maximal truncations of the Hilbert 
transform TJ, from LP (a) to LP (ui) in terms of the strengthened A p condition 



(J *Q (x) P du (x)\ ' (J s Q (xf da (x)\ "' < C \Q\ , 

^t, sq (x) = iqiii _ — I , and two testing conditions. The first applies to a restricted class of 

p-s 1 functions and is a strong-type testing condition, 

j* [ T^ ( Xe ct) (x) p du{x) < d [ da(x), for all EdQ, 

JQ JQ 

^ and the second is a weak-type or dual interval testing condition, 

J T h (xqM (x)du(x) < C 2 (j \f(x)\ p da(x^j P (J db>(x)\ P ' , 

for all intervals Q in K and all functions / e LP (a). In the case p > 2 the same result holds 
jJt if we include an additional necessary condition, the Poisson condition 

(N 

O 




P 

OO r\ — £ \ °° 



X ( i r) w(v) duj(y)<C}^\L r l\L r \ p , 



f — , " ,R y r =i e=o \(L r ) 

for all pairwise disjoint decompositions Q — U^ 1 L r of the dyadic interval Q into dyadic 
intervals L r . We prove that analogues of these conditions are sufficient for boundedness of 
certain maximal singular integrals in M™ when a is doubling and 1 < p < oo. Finally, we 
characterize the weak-type two weight inequality for certain maximal singular integrals T^ 
in W 1 when 1 < p < oo, without the doubling assumption on a, in terms of analogues of the 
H second testing condition and the A p condition. 



1. Introduction 

Two weight inequalities for Maximal Functions and other positive operators have been 
characterized in [18], [T7], [19], with these characterizations being given in terms of obviously 
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necessary conditions, that the operators be uniformly bounded on a restricted class of func- 
tions, namely indicators of intervals and cubes. Thus, these characterizations have a form 
reminiscent of the Tl Theorem of David and Journe. 

Corresponding results for even the Hilbert transform have only recently been obtained 
([!]) and even then only for p = 2; evidently these are much harder to obtain. We comment 
in more detail on prior results below, including the innovative work of Nazarov, Treil and 

Volberg 0, 0, ma, p. 

Our focus is on providing characterizations of the boundedness of certain maximal trun- 
cations of a fixed operator of singular integral type. The singular integrals will be of the 
usual type, for example the Hilbert transform or paraproducts. Only size and smoothness 



conditions on the kernel are assumed, see (1.11 ). The characterizations are in terms of certain 
obviously necessary conditions, in which the class of functions being tested is simplified. For 
such examples, we prove unconditional characterizations of both strong-type and weak-type 
two weight inequalities for certain maximal truncations of the Hilbert transform, but with 
the additional assumption that o is doubling for the strong type inequality. A major point 
of our characterizations is that they hold for all 1 < p < oo. The methods in [3], [8], [H], 
[TU] . [TT| apply only to the case p = 2, where the orthogonality of measure-adapted Haar 
bases prove critical. The doubling hypothesis on a may not be needed in our theorems, but 
is required by the use of Calderon-Zygmund decompositions in our method. 

As the precise statements of our general results are somewhat complicated, we illustrate 
them with an important case here. Let 



Tf(x) 
denote the Hilbert transform, let 



lim / -fix- y) dy 



T b f(x) 



sup 

0<e<oo 



R\(-e,e) y 



-f (x - y) dy 



denote the usual maximal singular integral associated with T, and finally let 

1 



TJ(x)= sup 

0<£i,£2«x>:i<! 3 -<4 



-ei ,E 2 



)V 



-f (x - y) dy 



denote the new strongly (or noncentered) maximal singular integral associated with T that is 
defined more precisely below. Suppose o and u are two locally finite positive Borel measures 
on M. that have no point masses in common. Then we have the following weak and strong 
type characterizations which we emphasize hold for all 1 < p < oo. 

• The operator Tj, is weak type (p,p) with respect to (o~,oj), i.e. 



;i-i) 



m mii 



Lp.°°(oj) 



<c 



LP (a) 
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for all / bounded with compact support, if and only if the two weight A p condition 

i /" ( i f V" 1 

da) <C, 



\Q\J Q duJ \\Q\ 

holds for all intervals Q; and the dual Tj, interval testing condition 



(1.2) 



T b ( XQ fa) du < C[ / \f\ p da 



dbj 



holds for all intervals Q and / G Lq (a) (part 4 of Theorem 1.19). The same is true 
for X[|. It is easy to see that (1.2) is equivalent to the more familiar dual interval 
testing condition 



;i.3) 



/ \L* ( Xq u)\ p ' da < C [ du>, 
Jo Jo 



for all intervals Q and linearizations L of the maximal singular integral Tj, (see (2.14)). 
Suppose in addition that a is doubling and 1 < p < oo. Then the operator 7], is 
strong type (p,p) with respect to (a, u>), i.e. 

mu-v)\\ LP{UJ) <c\\f\\ LP{a) , 

for all / bounded with compact support, if and only if these four conditions hold. 
(1) the strengthened A p condition 



s Q (x) p du (x] 



Q 



s Q (x) p da(x)) <C\Q\, 



sq(x) 



\Q\ 



\Q\+ Ix-x^ 



holds for all intervals Q; (2) the dual T^ interval testing condition 



Q 



m XQ fa)du<C( / \f\ p da 



duj 



;i-4) 



holds for all intervals Q and / G Lq (a); (3) the forward T^ testing condition 

/ T \i (Xe^Y du <C da, 
Jq Jq 



'Q 

holds for all intervals Q and all compact subsets E of Q; and (4) the Poisson condition 

\ p 




Viz I UP'" 1 V 



r=\ 



\(I r 



>w 



^(J.) 1 



r=l 



for all pairwise disjoint decompositions Q = U^ 1 / r of the dyadic interval Q into 
dyadic intervals J r , for any fixed dyadic grid. In the case 1 < p < 2, only the first 
three conditions are needed (Theorem 1.29). Note that in (1.4) we are required to 
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test over all compact subsets E of Q on the left side, but retain the upper bound over 
the (larger) cube Q on the right side. 



As these results indicate, the imposition of the weight a on both sides of ( 1.1 ) is a standard 



part of weighted theory, in general necessary for the testing conditions to be sufficient. Com- 



pare to the characterization of the two weight maximal function inequalities in Theorem |1.6 
below. 



Problem 1.5. In (1.4), our testing condition is more complicated than one would like, in 
that one must test over all compact E C Q in (1.4). There is a corresponding feature of 
(1.2), seen after one unwinds the definition of the linearization L* . We do not know if these 



testing conditions can be further simplified. The form of these testing conditions is dictated 



by our use of what we call the 'maximum principle, ' see Lemma 2.9. 



We now recall the two weight inequalities for the Maximal Function as they are central to 
the new results of this paper. Define the Maximal Function 

1 
sup 



Mv(x) 



\v\ 



x G 



xeQ \Q\ 

where the supremum is taken over all cubes Q (by which we mean cubes with sides parallel 
to the coordinate axes) containing x. 

Theorem on Maximal Function Inequalities 1.6. Suppose that a and u are positive 
locally finite Borel measures on W 1 , and that 1 < p < oo. The maximal operator M. satisfies 
the two weight norm inequality (\\7\) 

(1.7) \\M(fa)\\ LP ^<C\\f\\ LP{(r) , feL?(a), 

if and only if for all cubes Qcl", 



;i.s) 



M (xqO-) (x) p doo(x) <d da(x). 



The maximal operator M. satisfies the weak-type two weight norm inequality (^) 



;i-9) \\M(fa)\\ 



LP>°°(u) 



= sup\\{M(fa) > A}|£ <C 



A>0 



LP (a) 



feL? (a) 



if and only if the two weight A p condition holds for all cubes Q C 



(1.10) 



1 

W\ 



duj 



1 

l\Q\ 



da 



<Co. 



The necessary and sufficient condition (1.8) for the strong type inequality (1.7) states 



that one need only test the strong type inequality for functions of the form Xq° ■ Not only 
that, but the full U{bS) norm of M{xo a ) need not be evaluated. There is a corresponding 
weak-type interpretation of the A p condition (1.10). Finally, the proofs given in [17] and [6] 
for absolutely continuous weights carry over without difficulty for the locally finite measures 
considered here. 
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1.1. Two Weight Inequalities for Singular Integrals. Let us set notation for our The- 
orems. Consider a kernel function K(x, y) defined on W 1 x IR n satisfying the following size 
and smoothness conditions, 

\K(x,y)\<C\x-y\- n , 

(1.11) Hx — x'W \x — x'\ 1 

\K(x,y)-K(x',y)\<CS( l -^l)\x-yr, ^^ < i 

\\x-y\J \x-y\ 2 

where 8 is a Dini modulus of continuity, i.e. a nondecreasing function on [0, 1] with 5(0) = 
and Jq 8(s)y < oo. 

Next we describe the truncations we consider. Let (,r) be fixed smooth functions on the 
real line satisfying 

C(t) = for t < - and ((t) = 1 for t > 1, 

rj(t) = for t > 2 and 77(f) = 1 for £ < 1, 
£ is nondecreasing and rj is nonincreasing. 

Given < e < R < 00, set Ce(0 = C (f) an d ^i?(0 = V (^) an< ^ define the smoothly 
truncated operator T £i ^ on L[ oc (IR n ) by the absolutely convergent integrals 

T £ , R f(x) = J K(x, y)( £ (\x - y\)rj R (\x - y\)f(y)dy, f e L} oc (W) . 

Define the maximal singular integral operator T\, on L\ oc (IR n ) by 

T ]) f(x) = sup |T eifl /(x)|, xeW. 

0<£<R<oo 

We also define a corresponding new notion of strongly maximal singular integral operator 
T[| as follows. In dimension n = 1 we set 

Ti|/(x) = sup |T £vR /(x)| , x 6 R, 

0< ei <i?<oo,i<JL<4 

where e = (£1,62) and 

WW = /^»){U.-»)K.(,-.)}„(|.-.l)/(,)*. 

Thus the local singularity has been removed by a noncentered smooth cutoff - e\ to the left 
of x and £2 to the right of x, but with controlled eccentricity — . There is a similar definition 
of T^f in higher dimensions involving in place of ( £ (\x — y\), a product of smooth cutoffs, 

n 

Ce( X ~ y) = l - II I 1 ~ \^2k-i( X k - Vk) + Ce 2k (yk ~ X k) } , 
fc=l 

satisfying | < £2fc-1 < 4 for 1 < fc < n. The advantage of this larger operator T^ is that in 
many cases boundedness of 7], (or collections thereof) implies boundedness of the maximal 
operator M.. Our method of proving boundedness of Tj, and Tv requires boundedness of 
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the maximal operator Ai anyway, and as a result we can in some cases give necessary and 
sufficient conditions for strong boundedness of Tjj. As for weak- type boundedness, we can in 
many more cases give necessary and sufficient conditions for weak boundedness of the usual 
truncations T\,. 

Definition 1.12. We say that T is a standard singular integral operator with kernel K if T 
is a bounded linear operator on L q (IR n ) for some fixed 1 < q < oo, that is 



(1.13) 

if K(x, y) is defined on 



l|r/|| 



m 



<C 



M(R n ) ' 



/6L« 



X 



J B{ 



1.14) / \K(x,y)-K(x,y')\dx<C 

'B(y,2e) c 

and finally if T and K are related by 



n and satisfies both (1.11) and the Hormander condition, 

if eB(y,s),s>0, 



;i.l5) 



Tf(x) 



K{x, y)f(y)dy, a.e.-x <£ supp f, 



whenever / e L q (W 1 ) has compact support in IR n . We call a kernel K(x,y) standard if it 
satisfies (1.11) and (1.14). 

For standard singular integral operators, we have this classical result. (See the appendix 
on truncation of singular integrals on page 30 of [21] for the case R = oo; the case R < oo is 
similar.) 

Theorem 1.16. Suppose that T is a standard singular integral operator. Then the map 
f — > T\)f is of weak-type (1, 1), and bounded on L p (R) for 1 < p < oo. There exist sequences 
Ej — > and Rj — > oo such that for f E LP (R) with 1 < p < oo ; 

lim T E r f(x) = T 0oo f(x) 

j— too J J 

exists for a.e. x 6 R. Moreover, there is a bounded measurable function a(x) (depending on 
the sequences) satisfying 

Tf{x) = T 0jOO f(x) + a(x)f(x), x e R". 
We state a conjecture, so that the overarching goals of this subject are clear. 
Conjecture 1.17. Suppose that a and u are positive Borel measures on W 1 , 1 < p < oo ; 



and T is a standard singular integral operator on 
equivalent: 



\T(fa)\ p u<cj\f\ p a 



W\^Q duJ \' [W\^Q da 

L\ T x Q «\ p <cLo- 



<c 



Then the following two statements are 
f G C °°, 

for all cubes Q. 



f Q \T*X4*P*<C"f t 



Q W ' 
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Remark 1.18. The first of the three testing conditions above is the two- weight A p condi- 
tion. We would expect that this condition can be strengthened to a 'Poisson two-weight A v 
condition.' See pU E3J. 

The most important instances of this Conjecture occur when T is one of a few canonical 
singular integral operators, such as the Hilbert transform, the Beurling Transform, or the 
Riesz Transforms. This question occurs in different instances, such as the Sarason Conjec- 
ture concerning the composition of Hankel operators, or the semi-commutator of Toeplitz 
operators (see [5J, [25]), Mathematical Physics [15] . as well as perturbation theory of some 
self-adjoint operators. See references in [21]. 

To date, this has only been verified for positive operators, such as Poisson integrals, and 
fractional integral operators [18], [17] and [19], and just recently the authors have used the 
methods of Nazarov, Treil and Volberg to prove the conjecture for the Hilbert transform 
when p = 2 ([!]). The two weight Helson-Szego Theorem was proved many years earlier 
by Cotlar and Sadosky [1J and [2], thus the L 2 case for the Hilbert transform is completely 
settled. 

Nazarov, Treil and Volberg [8], pU] have characterized those weights for which the class 
of Haar multipliers is bounded when p = 2. They also have a result for an important special 
class of singular integral operators, the 'well-localized' operators of [9|. Citing the specific 
result here would carry us too far afield, but this class includes the important Haar shift 
examples, such as the one found by S. Petermichl [14], and generalized in [15]. Consequently, 
characterizations are given in [21] and [TU] for the Hilbert transform and Riesz transforms 
in weighted L 2 spaces under various additional hypotheses. In particular they obtain an 
analogue of the case p = 2 of the strong type theorem below. Our results can be reformulated 
in the context there, which theme we do not pursue further here. 

We now characterize the weak-type two weight norm inequality for both maximal singular 
integrals and strongly maximal singular integrals. 

Theorem on Maximal Singular Integral Weak- Type Inequalities 1.19. Suppose that 
a and u are positive locally finite Borel measures on W 1 , 1 < p < oo, and let 7], and Tj, be 



the maximal singular integral operators as above with kernel K(x,y) satisfying (1.11). 



^1) Suppose that the maximal operator M. satisfies (1.9). Then 7], satisfies the weak-type 
two weight norm inequality 



(1-20) ||Wa)|| L ^ M <C|mU CT) , /6F 



cr 



if and only if 



1.21) / T k ( XQ fa) (x)doo(x) < C 2 / \f(x)\ p da(x) / doo(x) 

for all cubes QcP and all functions f G LP (a) . 

(2) The same characterization as above holds for T\, in place of 7], everywhere. 

(3) Suppose that a and u are absolutely continuous with respect to Lebesgue measure, that 



the maximal operator Ai satisfies (1.9), and that T is a standard singular integral 
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operator with kernel K as above. If (1.20) holds for T^ or T\>, then it also holds for 
T: 



(1.22) 



WW*) 



\LP'°°(ui) 



<c 



LP (a) 



f G L p (a) , fa G L°°, supp fa compact. 



(4) Suppose c > and that {Kj} f=1 is a collection of standard kernels such that for each 
unit vector u there is j satisfying 

(1.23) \Kj{x,x + hi)\ > ct~ n , teR. 

Suppose also that a and u have no common point masses, i.e. a ({x}) • u> ({x}) = 
for all x eR n . Then 

WFAW 



lLP'°°(a;) 



<c 



LP(a) 



feV (<0 



i<j<J, 



if and only if the two weight A p condition (1.10) holds and 



(T J \( XQ fa)(x)du(x) < C 2 / \f(x)\ p da(x 



du(x) 

f G L p (a) , cubes Q C W 1 , 1 < j < J. 

While in (1) — (3), we assume that the Maximal Function inequality holds, in point (4), 
we obtain an unconditional characterization of the weak-type inequality for a large class of 
families of (centered) maximal singular integral operators Tj,. This class includes the individ- 
ual maximal Hilbert transform in one dimension, the individual maximal Beurling transform 
in two dimensions, and the families of maximal Riesz transforms in higher dimensions, see 
Lemma 12.191 

Note that in (1) above, there is only size and smoothness assumptions placed on the 
kernel, so that it could for instance be a degenerate fractional integral operator, and therefore 
unbounded on L 2 (dx). But, the characterization still has content in this case, if u and a are 
not of full dimension. 

In (3), we deduce a two weight inequality for standard singular integrals T without trun- 
cations when the measures are absolutely continuous. The proof of this is easy. From 
(1.20) and the pointwise inequality T 0>oo fa(x) < T\ > fa(x) < T^fa(x), we obtain that for 
any limiting operator T 0iOO the map / — > T 0iOO /cr is bounded from L p (a) to L p '°° (ui). By 



(1.9) / — y M. fa is bounded, hence / — > fa is bounded, and so Theorem 1.16 shows that 
/ — > T fa = T 0oc fa+afa is also bounded, provided we initially restrict attention to functions 
/ for which fa is bounded with compact support. 



The characterizing condition (1.21 ) is a weak-type condition, with the restriction that one 



only needs to test the weak-type condition for functions supported on a given cube, and test 
the weak-type norm over that given cube. It also has an interpretation as a dual inequality 
J Q \L* (xqw) I da < C 2 J Q dco, which we return to below, see (2.14) and (2.15). 



We now consider the two weight norm inequality for a strongly maximal singular integral 
TL, but assuming that the measure a is doubling. 
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Theorem on Maximal Singular Integral Strong- Type Inequalities 1.24. Suppose 
that a and u are positive locally finite Borel measures on W 1 with a doubling, 1 < p < oo, 
and let T\, and T^ be the maximal singular integral operators as above with kernel K(x, y) 
satisfying (1.11). 



(1) Suppose that the maximal operator Ai satisfies (1.1) and also the 'dual' inequality 
(1-25) \\M(gu)\\ Lp/{a) < C |M| L/H , gel/ (u) . 

Then Tj, satisfies the two weight norm inequality 

(1.26) ! T^(fa)(x) p duj(x)<C I \f(x)\ p da(x), 



for all f G L p (a) that are bounded with compact support in M. n , if and only if both 
the dual cube testing condition (1.21) and the condition below hold: 



(1.27) 



<> 



T^ (xq9°) (x) p du(x) <Cx da(x) 



for all cubes QcP and all functions \g\ < 1. 

(2) The same characterization as above holds for T\, in place of T^ everywhere. In fact 

\T^a(x)-T b fa(x)\<CM(fa)(x). 

(3) Suppose that a and u are absolutely continuous with respect to Lebesgue measure, that 
the maximal operator K\ satisfies (1.7), and that T is a standard singular integral 
operator. If ( jl.26 ) holds for Tj, or T\,, then it also holds for T: 



\T{fa){x)\ p du{x) < C / \f{x)\ p da{x), f e L p {a),fa e L°° , supp{f 'a) compact. 
(4) Suppose that {Kj} n . =l is a collection of standard kernels satisfying for some c > 0, 



(1.28) 



±ReK j (x,y) > 



\x 



for ± (y,j - Xj) > -\x-y\, 



where x 



Jn<j< 



n . If both lo and a are doubling, then (1.26) holds for (Tj), and 
(T*) for all 1 < j < n, if and only if both ( [TT27| ) and ( fl~2l"] ) hold for (Tj\ and (T*) 
for all 1 < j < n. 



Note that the second condition (1.27) is a stronger condition than we would like: it is the 
IP inequality, applied to functions bounded by 1 and supported on a cube Q, but with the 
L p (a) norm of 1q on the right side. It is easy to see that the bounded function g in (1.27) can 
be replaced by Xe f° r every compact subset E of Q. Indeed if L ranges over all linearizations 

of T^, then with g h ,Q,L = \j^f^h~T\ we nave 



l*Q 



hui) 



sup / T^ (xq9v) P 
\g\<iJQ 



cu = sup sup sup 

lffl<l L \\ h \\ LP > {UJ) <^ 



L (xq9°) hu 
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sup sup sup 

L \\h\\ Lp ,^.<l\ g \<l 



< 



sup sup / L* (xghu) gh,Q,Lcr 
l \\h\\ Lpl{bj .<iJ Q 

sup sup / L (xQ9h,Q,L) hucr 
\\h\\ Lp/(u) <l L J Q 

sup sup / T^ {x Q g h ,Q,L(y) P u. 



'LP (ui)~ 



Since gu,Q,L takes on only the values ±1, it is easy to see that we can take g = \e- Point (3) 
is again easy, just as in the previous weak-type theorem. 

And in (4), we note that the truncations in the way that we formulate them, dominate the 
Maximal Function, so that our assumption on hA in (1) — (3) is not unreasonable. The main 
result of [10J assumes p = 2 and that T is the Hilbert transform, and makes similar kinds of 
assumptions. In fact it is essentially the same as our result in the case p = 2, but without 
doubling on a and only for T and not Tj, or 7],. Finally, we observe that by our definition 
of the truncation T^, we obtain in point (4), a characterization for doubling measures of 
the strong-type inequality for appropriate families of standard singular integrals and their 



adjoints, including the Hilbert and Riesz transforms, see Lemma 2.22 



We do not know if the bounded function g in condition (1.27) can be replaced by the 
constant function 1. 



We now give a characterization of the strong type weighted norm inequality for the in- 
dividual strongly maximal Hilbert transform 71 when 1 < p < oo and the measure a is 



'dyadic' Poisson function Y^l 



doubling. When p > 2 we use an extra necessary condition, see (1.33) below, that involves a 

o iiW\^ l(e) (^) wnere -^ is a dyadic interval and 1^' denotes its 

i th ancestor in the dyadic grid, i.e. the unique dyadic interval containing I with |7^| = 2 £ |/|. 
This condition is a variant of the pivotal condition of Nazarov, Treil and Volberg in [10], and 



in the case 1 < p < 2 it is a consequence of the A p condition (1.10). 



Theorem 1.29. Suppose that a and u are positive locally finite Borel measures on M. with 
a doubling, 1 < p < oo, and let 7], be the strongly maximal Hilbert transform. Then 7^ is 
strong type (p,p) with respect to (a,u>), i.e. 

m(M\\ LP{ul) <c\\f\\ LP{a) , 

for all f bounded with compact support, if and only if the following four conditions hold. In 



the case 1 < p < 2, the fourth condition (1.33) is implied by the A v condition (1.10), and so 
in this case we only need the first three conditions below: 
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'1) the dual T^ interval testing condition 



(1.30) J T^ ( XQ fa) du<c(^J \f\ p do^ V (J dw) ? ' 

holds for all intervals Q and f e Lq (a); 

(2) the forward Tj, testing condition 

(1.31) / ' T^Xe°Y dto < C [da, 

JQ JQ 

holds for all intervals Q and all compact subsets E of Q; 

(3) the strengthened A p condition 

(1.32) ( [ (—J® Ydu(x)) P I f (—J9\ Y da(,)\ <C\Q\ 

\Jr\\Q\ + \x-xq\J yi ) \h\\Q\ + \x-x Q \* 

holds for all intervals Q. 

(4) the Poisson condition 

. I oo oo i \ 

(i.33) /. (Ei^w^Ei — w x ^ ){y) \ ^(2/)<cEi^i ff Kr' 

K-'rJ 



r=l £=0 



r=l 



for all pairwise disjoint decompositions Q = U^i,. o/ t/ie dyadic interval Q into 
dyadic intervals I r , for any fixed dyadic grid. 



Remark 1.34. The strengthened A p condition (1.32) can be replaced with the weaker 'half 



condition where the first factor on the left is replaced by ( J Q dco ) P . We do not know if the 
first three conditions suffice when p > 2. 

Acknowledgment. The authors began this work during research stays at the Fields Institute, 
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2. Overview of the Proofs, General Principles 

If Q is a cube then £(Q) is its side length, \Q\ is its Lebesgue measure and for a positive 
Borel measure u, \Q\ V = J t Q dv is its //-measure. 



2.1. Calderon-Zygmund Decompositions. Our starting place is the argument in 
used to prove a two weight norm inequality for fractional integral operators on Euclidean 
space. Of course the fractional integral is a positive operator, with a monotone kernel, which 
properties we do not have in the current setting. 
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A central tool arises from the observation that for any positive Borel measure /i, one has 
the boundedness of a maximal function associated with fi. Define the dyadic /i-maximal 
operator M. d ^ by 

(2-1) M*/(x) = S up ] ^ r /|/|/i, 

Qev |y| J Q 
xeQ 

with the supremum taken over all dyadic cubes QeD containing x. It is immediate to check 
that M. d ^ satisfies the weak-type (1, 1) inequality, and the L°°(fj,) bound is obvious. Hence 
we have 



on 



(2.2) j{M*f)*n<C j f>n, />0 

This observation places certain Calderon-Zygmund decompositions at our disposal. Exploita- 



tion of this brings in the testing condition (1.27) involving the bounded function g on a cube 



Q, and indeed, g turns out to be the "good" function in a Calderon-Zygmund decomposition 



of / on Q. The associated 'bad' function requires the dual testing condition (1.21) as well 



2.2. Edge effects of dyadic grids. Our operators are not dyadic operators, nor — in con- 
trast to the fractional integral operators — can they be easily obtained from dyadic operators. 
This leads to the necessity of considering for instance triples of dyadic cubes, which are not 
dyadic. 

Also, dyadic grids distinguish points by for instance making some points on the boundary 
of many cubes. As our measures are arbitrary, they could conspire to assign extra mass to 
some of these points. To address this point, Nazarov-Treil-Volberg [THl [HI [12] use a random 
shift of the grid. 

A random approach would likely work for us as well, though the argument would be 
different from those in the cited papers above. Instead, we will use M. Christ's non-random 
technique of shifted dyadic grid from [TJ. Define a shifted dyadic grid to be the collection of 
cubes 

(2.3) V a = {V(k + [0, l) n + (-l) J a) : j G Z, k G Z n } , a G {0, |, §} n . 

The basic properties of these collections are these: In the first place, each T> a is a grid, namely 
for Q, Q' G V a we have Q fl Q' G {0 , Q , Q'} and Q is a union of 2 n elements of V a of equal 
volume. In the second place (and this is the novel property for us), for any cube Q C M. n , 
there is a choice of some a and some Q' G V a so that Q C f^Q' and \Q'\ < C\Q\. 



We define the analogs of the dyadic maximal operator in (2.1), namely 



(2-4) M a J(x)= sup — - / |/| M . 



Qev a \Q\ t 



x&Q 

These operators clearly satisfy (2.2). Shifted dyadic grids will return in § 4.4 
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2.3. A Maximum Principle. A second central tool is a 'maximum principle' (or good A 
inequality) which will permit one to localize large values of a singular integral, provided the 
Maximal Function is bounded. It is convenient for us to describe this in conjunction with 
another fundamental tool of this paper, a family of Whitney decompositions. 

We begin with the Whitney decompositions. Fix a finite measure v with compact support 
on W 1 and for k G Z let 

(2.5) fl fc = {i6l": T^(x) > 2 k ) . 

Note that fi k ^ K n has compact closure for such v. Fix an integer iV > 3. We can choose 
R\v > 3 sufficiently large, depending only on the dimension and N, such that there is a 
collection of cubes {Q k } . which satisfy the following properties: 



(2.6) 



(disjoint cover) Q k = \Jj Q k and Q k n Q k = if i ^ j 

(Whitney condition) R W Q) C Vt k and 3R w Q k n Sl% ± for all k,j 

(bounded overlap) £\ Xnq* < c Xn k for all k 

(crowd control) # {Q k :Q k n NQ k ^ 0} < C for all k,j 

(nested property) Q k ^ Q\ implies k > C 

Indeed, one should choose the the {Q'j} . satisfying the Whitney condition, and then show 
that the other properties hold. The different combinatorial properties above are fundamental 
to the proof. And alternate Whitney decompositions are constructed in § |4.7.1 below. 



Remark 2.7. Our use of the Whitney decomposition and the maximum principle are derived 
from the two weight fractional integral argument of Sawyer, see Sec 2 of (THJ. In particular, 
the properties above are as in [19], aside from the the crowd control property above, which 
is iV = 3 in op. cit. 

Remark 2.8. In our notation for the Whitney cubes, the superscript indicates a 'height' and 
the subscript an arbitrary enumeration of the cubes. We will use super- and sub-scripts below 
in this manner consistently throughout the paper. It is important to note that a fixed cube 
Q can arise in many Whitney decompositions: There are integers K-(Q) < K + (Q) with 
Q = Q k r k \ for some choice of j{k) for all K_(Q) < k < K + (Q). (The last point follows from 
the nested property.) There is no a priori upper bound on K + (Q) — K_(Q). 

Lemma 2.9. [Maximum Principle] Let v be a finite (signed) measure with compact support. 
For any cube Q k , as above we have the pointwise inequality 

(2.10) sup T^ (x(3 Q *)cv) (x) <2 k + CP (Q k , v) < 2 k + CM (Q k , v) , 

where P (Q, v) and M (Q, v) are defined by 

l /■ °° s (2~ e ) r 



\Q\ Jq ' ' e |2 £+1 QI 



— |^ VI J2WQ\2iQ 
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M{Q,v) 



SUP ,-y- 
Q'DQ IV I 



d \u\ . 



Q' 



The bound in terms of P (Q, v) should be regarded as one in terms of a modified Poisson 
integral. It is both slightly sharper than that of M(Q,v), and a linear expression in \v\, 
which fact will be used in the proof of the strong type estimates. 



Proof. To see this, take i e Qj and note that for each 77 > there is e with 
max!<j< n £j < R < 00 and 9 G [0, 2n) such that 



< 



T \\ \X(3QpcV) ( x ) < ( 1 +V) 



K{x, y)( e (x - y)r) R {x - y)du{y) 



(3Qp c 



:i + v)e ie T £!R ( K x i3Q ^)(x). 



For convenience we take 77 = in the sequel. By the Whitney condition in (2.6), there is a 
point z G 3RwQ k H fi c k and it now follows that (remember that 



3 ) < maxK^nEj), 



T e,R \X(3Q*)°v) ( X ) - T £>R v(z) 



< c- 

= c- 
+ 

< c 



6R w Qj I Jm w Q) 
1 



d\v\ + 



T e,R (X(6R w Q*)cV) fa) ~ T e ,R \X(6R W Q^) (z) 



\6RwQj\ Jm w Q 



d \v\ 



{GR w Q k 3 Y 



\6RwQj\ 

< CV{Q k 3) v) 



K{x, y)( E (x - y)v R (x -y)- K(z, y)( £ (z - y)rj R (z -y)\d\u\ (y) 

1 



d\u\+C 



QRw-Q* 



5 



(6RwQ]) c 



\x — z\ 



x — y\j \x — y\ 



Tnd\u\ (y) 



Thus 



T * (X(3Q))^) (x) < \Tp{z)\ + CP (gj, u) < 2 k + CP (Q k , u) 



which yields (2.10) since P (Q, v) <CM(Q,u) 



D 



2.4. Linearizations. We now make comments on the linearizations of our maximal singular 
integral operators. We would like, at different points, to treat TJ, as a linear operator, which 
of course it is not. Nevertheless T^ is a pointwise supremum of the linear truncation operators 
T Ej r, and as such, the supremum can be linearized with measurable selection of the parameters 
£ and R, as was just done in the previous proof. We make this a definition. 

Definition 2.12. We say that L is a linearization of Tjj if there are measurable functions 
e(x) G (0, oo) n and R(x) G (0,oo) with \ < — < 4, maxi<j< n £j < R(x) < 00 and 6{x) G 
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[0, 27r) such that 
(2.13) 



15 



Lf(x) = e*T £(l) , fi(l) /(x), x e 



For fixed / and 5 > 0, we can always choose a linearization L so that T^f(x) < (1 + S) Lf(x) 
for all x. In a typical application of this Lemma, one takes 5 to be one. 

Note that condition (1.27) is obtained from inequality (1.26) by testing over / of the form 
/ = Xq9 with \g\ < 1, and then restricting integration on the left to Q. By passing to 
linearizations L, we can 'dualize' (1.21) to the testing conditions 



(2.14) 



\L* (x q lu) (x)\ p da(x) < C 2 I du(x) 



or equivalently (note that in (1.27) the presence of g makes a difference, but not here), 
(2.15) 



\ L * (Xq9u) {x)\ p da(x) <C 2 du(x) 



\9\<h 



with the requirement that these inequalities hold uniformly in all linearizations L of Tjj. 

While the smooth truncation operators T £> r are essentially self-adjoint, the dual of a lin- 
earization L is generally complicated. Nevertheless, the dual L* does satisfy one important 
property which plays a crucial role in the proof of Theorem 1.24 , the L p -norm inequalities. 

Lemma 2.16. L*\x is 5-Holder continuous (where 5 is the Dini modulus of continuity of the 



kernel K) with constant CP (Q, fi) on any cube Q satisfying J 30 d 



0, i.e. 



(2.17) 



\L*pL(y)-L*n(y')\<CP(Q,fi)8 



\y-y 



y,y' e Q- 



Here, recall the definition ( 2.11[ ) and that P (Q,/i) < CM (Q, //). 
Proof. Suppose L is as in (2.13). Then for any finite measure u, 

Lu(x) = e l8{x) I Ce{x)(? ~ v)Vr(x)( x ~ y) K {x, y)dv(y). 

Fubini's theorem shows that the dual operator L* is given on a finite measure \x by 

(2.18) L*n(y) = Jc £{x) (x - y)rj R{x) (x - y)K(x,y)e i0 ^dpi(x). 

For y,y' G Q and |/x| (3Q) = 0, we thus have 
L*//(y)-L>(y') 

{ (Cs(x)Vr(x)) (x-y)- (C e{x) Vr( x )) - y')}K{x, y)e ie{x) dfi(x) 



+ 



(Qx^Rix)) (x - y') {K(x, y)-K (x, y')} e ie ^d^x) 



from which (2.17) follows easily if we split the two integrals in x over dyadic annuli centered 
at the center of Q. □ 
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2.5. Control of Maximal Functions. Next we record the facts that T and T^ control A4 
for many (collections of) standard singular integrals T, including the Hilbert transform, the 
Beurling transform and the collection of Riesz transforms in higher dimensions. 



Lemma 2.19. Suppose that a and u> have no point masses in common, and that {Kj} 



a collection of standard kernels satisfying (1.11) and (1.23). If the corresponding operators 



i=i 



is 



Tj given by (1.15) satisfy 

\\XE T j(f<7)\\ L P,< 



'(«) 



< C 



LP (a) 



E 



r \ SUpp /, 



for 1 < j '< J, then the two weight A p condition (1.10) holds, and hence also the weak-type 



two weight inequality (1.9). 



Proof. Part of the 'one weight' argument on page 211 of Stein [22] yields the asymmetric two 
weight A p condition 

(2-20) \Q\JQ'V<C\Q\ p i 

where Q and Q' are cubes of equal side length r and distance approximately C$r apart for 



some fixed large positive constant Co (for this argument we choose the unit vector u in (1.23) 
to point in the direction from the center of Q to the center of Q', and then with j as in ( 1.23 ), 
Co is chosen large enough by ( 1.11[ ) that (1.23) holds for all unit vectors u pointing from a 
point in Q to a point in Q'). In the one weight case treated in [22] it is easy to obtain from 



this (even for a single direction u) the usual (symmetric) A p condition (1.10). Here we will 

instead use our assumption that a and u have no point masses in common for this purpose. 

So fix an open dyadic cube Qo m K n , say with side length 1, let Qo = Qo x Qo and set 

Q = {Q 

Note that with Q : 

(2.21) 



Q x Q' dyadic : Q C Q and (2.20) holds for Q and Q'} . 



Q x Q', then (2.20) can be written 
Ap(u,a;Q) <C|Q|§, 



where 

Here A 2 (w, a; Q) = |Q| a 
we easily see that if Q 
measures satisfy 



i\p— i 



A p (co,a;Q) = \Ql\Q 

, g where coxa denotes product measure on W 1 x ' 
- [j Q Q Q is a pairwise disjoint union of cubes Q a , 

]T|Q a | f <C|Q xQ | f =C\Q \ P . 



l n . For 1 < p < oo 
then the Lebesgue 



Suppose first that 1 < p < 2. Divide Q into 2 n x 2 r 



4™ congruent subcubes QJ,...Qq" 



of side length ^, and set aside those Qq G fi (those for which (2.20) holds) into a collec 



tion of stopping cubes T. Continue to divide the remaining Qq into 4 n congruent subcubes 
Qo , ...Qo °f s id e length |, and again, set aside those Qq 4 G fl into T, and continue subdi- 
viding those that remain. We continue with such subdivisions for N generations so that all 
the cubes not set aside into T have side length 2~ N . The important property these cubes 
have is that they all lie within distance r2~ N of the diagonal T> = {(x,x) : (x,x) G Qo} in 
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Qo = Qo x Qo since (2.20) holds for all pairs of cubes Q and Q' of equal side length r having 
distance approximately Cor apart. Enumerate the cubes in T as {Q a } a and those remaining 
that are not in T as {P^}^- Thus we have the pairwise disjoint decomposition 



Q =njQa)u(u^) 



In the case p = 2, the countable additivity of the product measure u x a shows that 
A 2 {u, a; Qo) = >^>42 (uj, a; Q a ) + ^ A 2 (u, a; Pp) . 

a p 

For the more general case 1 < p < 2, note that at each division described above we have 
using < p — 1 < 1 , 

A p (u, a; Qo) = 



2 n 


\ 


/ 2 n 


\ 


p-1 


E 


QJU 


E 


Q J oL 




i=l 


/ 2™ 




/ 2" 




< 


\i=l 

1" 


QoLJ 


\j=l 


Q j r _1 



Y^ A> ( w > a ; Qo) 



i=i 



^(u;,a;Q ) < ^„4 p (u;,a;Q^), Q J $ T, 



etc. 



It follows that 



Ap {co, a\ Qo) < ^^p(w,cr;Q a ) + ^^ p (w,cr;P /3 ) 

< L7^|Q a |2+^^ p ( Wj( T;P^ 

< C\Q \ p + Y,A p (u,a;Pp). 



Since a; and a have no point masses in common, it is not hard to show, using that the side 





length of Pp = Pp x PL is 2~ N and dist (Pp,V) < C2~ N , that we have the following limit: 



Z^ 



A p (uj, a; Pp) — > as N — >• oo. 
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Indeed, if a has no point masses at all, then 

iP-i 



YtMwVp) = J2\ p e\M 



)i\ 







p 



<- (r>i) T rar 



< C|QoLsup|i^|^ 1 ^0 asiV^oo. 



If a contains a point mass cS x , then 



J2 A p (^a;P,) < [ Y, \P P \ U ) sup \PZ 



p-1 



':x£P' 



:xaP' 



< c I J2 \ p ?L -> ° as N -> °° 



>:xeP> 



since u has no point mass at x. The argument in the general case is technical, but involves 
no new ideas, and we leave it to the reader. We thus conclude that 

A p (u,a;Q )<C\Q \ p , 



which is (1.10). The case 2 < p < oo is proved in the same way using that (2.20) can be 
written 

Ap> (a, u; Q Q ) < C"|Q Q | 2 . 

D 



.emma 2.22. If {Tj}" =1 satisfies ( |L28p , then 



■Mv(x) < Cy^ j (Tj)\ i u(x), x G M. n , v > a finite measure with compact support. 
i=i 

Proof. We prove the case n = 1, the general case being similar. Then with T = T\ and r > 
we have 

Re (T r . i r ) i 00r z/(x) - T^ioorK^)) 



Thus 



Cz(y-x) -CiAy-x) \RBK(x,y)dv{y) > - / di/(y). 

r J[x+l,x+2r] 



T^v{x) > max{|r r r >100r i/(a;)| , |T r)4r)100 r^(^)|} > - / 



[x+§,x+2r] 



du(y), 
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and similarly 

T^v(x) > - / dv(y). 

r J[x-2r,x-%] 

It follows that 

M.v(x) < sup — / dv(y) 



r>0 4r J[ x -2r,x+2r] 

oo If 

= sup^2- fe — — / dp{y) 

r >° k=0 Z r J [x-2 1 - fc r,x-2- 1 - fc r]u[x+2- 1 -* ; r,x+2 1 - fc r] 

< CT^u(x). 

D 

Finally, we will use the following covering lemma of Besicovitch type for multiples of dyadic 



cubes (the case of triples of dyadic cubes arises in (4.56) below). 



Lemma 2.23. Let M be an odd positive integer, and suppose that $ is a collection of cubes 
P with bounded diameters and having the form P = MQ where Q is dyadic (a product of 
clopen dyadic intervals). If<&* is the collection of maximal cubes in $ ; i.e. P* G $* provided 
there is no strictly larger P in $ that contains P* , then the cubes in <J>* have finite overlap 
at most M n . 

Proof. Let Q = [0, l) n and assign labels 1,2,3,..., M n to the dyadic subcubes of side length 
one of MQq. We say that the subcube labeled k is of type k, and we extend this definition 
by translation and dilation to the subcubes of MQ having side length that of Q. Now we 
simply observe that if {P*}i is a set of cubes in $* containing the point x, then for a given 
k, there is at most one P* that contains x in its subcube of type k. The reason is that if 
P* is another such cube and £ (P*) < £ (Pf), we must have P* C P* (draw a picture in the 
plane for example). □ 

2.6. Preliminary Precaution. Given a positive locally finite Borel measure \x on IR n , there 
exists a rotation such that all boundaries of rotated dyadic cubes have /i-measure zero (see 
[5] where they actually prove a stronger assertion when fi has no point masses, but our 
conclusion is obvious for a sum of point mass measures). We will assume that such a rotation 
has been made so that all boundaries of rotated dyadic cubes have {ui + <r)-measure zero, 
where u and a are the positive Borel measures appearing in the theorems above (of course 
a doubling implies that a cannot contain any point masses, but this argument works as well 
for general a as in the weak type theorem). While this assumption is not essential for the 
proof, it relieves the reader of having to consider the possibility that boundaries of dyadic 
cubes have positive measure at each step of the argument below. 

Recall also (see e.g. Theorem 2.18 in [TS]) that any positive locally finite Borel measure 
on IR" is both inner and outer regular. 
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3. The proof of Theorem |1.19[ Weak- type Inequalities 
We begin with the necessity of condition ( |1.21[ ): 

POO 

T^{x Q fo)uj = / mm{\Ql,\{m XQ fa)>\}\Jd\ 



Q 



< 



A poo 

+ 

J A 



minj|QL,C7A- p 
< AlQl + CA 1 -* f\f\ p da 

= (C+l)\Q\i ( [\f\ p da 



da > dX 



if we choose A 



fj\f\ p da\- 

\ \QL 



Now we turn to proving (1.20), assuming both (1.21) and (1.9), and moreover that / is 
bounded with compact support. We will prove the quantitative estimate 

(3-1) mfaW^^ < C{Ql + %*} \\f\\ LP{(7) , 



(3.2) 
(3.3) 



21 = sup sup sup A \{M (fa) > A}|£ 



Q 



\LV(ay 



=1 A>0 



'X* 



sup sup \Q\J /p ' T^(x Q fa) (x)du(x) 
II/IUpm=i Q 



We should emphasize that the term (3.2) is comparable to the two weight A p condition (1.10). 

Standard considerations ([H], Section 2) show that it suffices to prove the following good- A 

inequality: There is a positive constant C so that for f3 > sufficiently small, and provided 



(3.4) 



sup A p \{x e W 1 : TJa (x) > A}| w < oo , A < oo 

0<A<A 



we have this inequality: 

(3.5) \{x G R n : T^fa (x) > 2A and Mfa (x) < /3A}| w 

< C$%1 \{x e R n : T^fa (x) > A}| w + C^\- p J \f\ p da . 
Our presumption (3.4) holds due to the A p condition (1.10) and the fact that 
{x e W n : TJa (x) > A} C B (o, cA"») , A > small, 



Hence it is enough to prove (3.5). 

To prove (3.5) we choose A = 2 k , and apply the decomposition in (2.6). In this argument, 
we can take k to be fixed, so that we suppress its appearance as a superscript in this section. 
(When we come to L p estimates, we will not have this luxury.) 
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Define 



Ej = {x e Qj : T^fa (x) > 2A and Mfo (x) < fiX} . 



Then for x G Ej, we can apply Lemma 2.9 to deduce 

(3-6) T h ( X(3Q . )C /cr) (x) < (1 + C/3) A. 

If we take (3 > so small that 1 + C(3 < |, then (3.6) implies that for x G Ej 
2A < T^fa (x) < T b x 3Qj fv (x) + T^g^fe (z) 
< T^x? jQ kf(r{x) + l\. 
Integrating this inequality with respect to u> over Ej we obtain 



(3.7) 



X\E j \ u <2 / [T^qJctju: 



The disjoint cover condition in (2.6) shows that the sets Ej are disjoint, and this suggests 
we should sum their w-measures. We split this sum into two parts, according to the size of 
\Ej\ul\iQj\u]. The left-hand side of ( |3.5[ ) satisfies 

3 i:|^L</8[«JiL 

P 



/ + //. 



\E 



3 ItJ 



A \3Qj 



T W3qJv 



id 



Now 



/</3yi3Q^| <C(3\Q\ 



by the finite overlap condition in ( J2.6[ ). From (1.21) with Q = 3Qj we have 

v p 



/3A 






Wda 



3Q 3 



< C 



p\ 



XJlffda, 



by the finite overlap condition in (2.6) again. This completes the proof of the good-A in- 
equality (3.5). 
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The proof of assertion 2 regarding TJ, is similar. Assertion 3 was discussed earlier and 



assertion 4 follows readily from assertion 2 and Lemma 2.19 



4. The proof of Theorem |1.24[ Strong- type Inequalities 

Since conditions ( 1.27[) and (1.21) are obviously necessary for (1.26), we turn to proving 
the weighted inequality (1.26) for the strongly maximal singular integral TL. 



4.1. The Quantitative Estimate. In particular, we will prove 



(4.1) 
(4.2) 

(4.3) 
(4.4) 
(4.5) 



\\W\ LPH < c{m + 7 2 9X, + 7 2 X + X*} 
m= sup \\M {fa) ||lp( w ) , 

II/|[XJP(„)=1 

M M II LP' (a) > 



LP (a) 



OJl* = sup 

11*11 w^M 

X = sup sup \Q\Z 1/p \\XqT^ (xqfv) \\i*(u) , 



=<i 



-i * 



sup sup \Q\ 



-W 



|LP(<T) = 



^ (xq/o - ) (a?)dw(aO 



where 7 > 2 is a doubling constant for the measure a, see (4.20) below. Note that 7 appears 



only in conjunction with X and SOT*. The norm estimates on the maximal function (4.2) and 



(4.3) are equivalent to the testing conditions in (1.8) and its dual formulation. The term X* 



also appeared in (3.3). 



4.2. The Initial Construction. We suppose that both ( |1.27[ ) and (|1.21|) hold, i.e. (|4.4|) 
and ( |4.5 ) are finite, and that / is bounded with compact support on 



Moreover, in the 



case (1.28) holds, we see that (1.27) (the finiteness of (4.4)) implies (1.8) by Lemma 2.22, and 



so by Theorem 1.6 we may also assume that the maximal operator M. satisfies the two weight 



norm inequality (1.7). It now follows that J (T^fa) p u < 00 for / bounded with compact 
support. Indeed, T^fa < CM.fa far away from the support of /, while T^fa is controlled by 



the finiteness of the testing condition (4.4) near the support of /. 



Let {Qj} be the cubes as in (2.5) and (2.6), with the measure v that appears in there being 



fa. We will use Lemma 2.9 with this choice of v as well. Now define an 'exceptional 



set' associated to Q, to be 



E 



Q) n (fi fe+1 \ Q fc+2 ) 



See Figure 4.1 One might anticipate the definition of the exceptional set to be more simply 



QjDVLk+i- We are guided to this choice by the work on fractional integrals [19]. And indeed, 
the choice of exceptional set above enters in a decisive way in the analysis of the bad function 
at the end of the proof. 
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Figure 4.1. The set E) (Q). 



We estimate the left side of (1.26) in terms of this family of dyadic cubes {Qj }■ by 
(4.6) J (TJafuidx) < Y,(2 k+2 ) P l^+i \ £l k+2 \ u 



<j2(2 k+2 y\E- 



Choose a linearization L of 7], as in (2.13) so that (recall R(x) is the upper limit of 
truncation) 

1 



(4.7) 



R(x) < ^(Q*), 



x G E%, 



and T^ (x*Q>f<r) 0) < 2L (xsQ^f*) (x) + C^ J Jf\ a, x G E). 



For x G £/j, the maximum principle (2.10) yields 



T^X3Q*f a ( x ) > m°{x)- T tfi{zQhyf°(.x) 
> 2 k+l - 2 k - C7P (Qj, /a) 
= 2 fe -CP(Q J fe ,/ ( x). 



From (4.7) we conclude that 



L Xa tf l Mx)>2^ 1 -CP(QJJer) 
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Thus either 2 k < 4 inf & L X3Qk fa or 2 k < 4CP (Qpfv) < 4CM (Qj,/<r). So we obtain 
either 



(4.8) 

or 
(4.9) 



\E k \ <C2~ k 



E k 



{LXzQkfe)u{dx) 



\E h 5 \ < C2- pk \E k \ uj M(Q k Ja) P < C2- pk f (Mf 

J E k 



a) p Lo{dx). 



Now consider the following decomposition of the set of indices (k,j): 

E = {&J):\E!\ u <P\NQ>\ u }, 
¥ = {(k,j) : Q holds}, 

(4.10) G = Uk,j) : \E!j\ u > f3 \NQ k \ u and g§ holds} , 

where < /3 < 1 will be chosen sufficiently small at the end of the argument. (It will be of 
the order of c p for a small constant c.) By the 'bounded overlap' condition of (2.6), we have 

(4.11) Y^Xnq$<C, keZ. 

j 
We then have the corresponding decomposition: 

(4.12) l^fafuj < J Yl + E + E |( 2fe+2 )1^L 

< /3 E (2 fc+2 ) p |/VQj| 
(fc,i)eE 



c e / ( M f°) p " 



+ C V Le£ I — j rr- / (Lxso>>f<r)u) 

^ ' jlu >\8\NQ k \ J F k\ 3Q j J j 



(4.13) 



= J(l) + J(2) + J (3) 

< C (/3 f(TJa) p cu + r P 



\f\ P ° 



where Co < C{9Jt + 7 2 9Jt* + 7 2 T + T*} . The last line is the claim that we take up in the 
remainder of the proof. Once it is proved, note that if we take < Co/3 < \ and use the fact 
that J (T^fa) p u < oo for / bounded with compact support, we have proved assertion (1) of 
Theorem |1 .24 , and in particular (4.1). 

The proof of the strong type inequality requires a complicated series of decompositions of 
the dominating sums, which are illustrated for the reader's convenience as a schematic tree 
in Figure |4.2 
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Figure 4.2. This is a schematic tree of how the integral J (T^fa) p u has been, 
and will continue to be, decomposed. We have suppressed superscripts, sub- 
scripts and sums in the tree. Terms in diamonds are further decomposed, 
while terms in rectangles are final estimates. The edges leading into rectangles 
are labelled by Wl, 9Jt*, 3 or 3* whose finiteness is used to control that term. 
Those terms controlled by the doubling constant 7 are also indicated. Equa- 
tion references are to where the final estimates on the term is obtained. The 
word 'absorb' leading into J (1) indicates that this term is a small multiple of 
/ {T^fa) p u and can be absorbed into the left-hand side of the inequality. As 
most of the terms involve the maximal theorem (2.2), we do not indicate its 
use in the schematic tree. 
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4.3. Two Easy Estimates. Note that the first term J(l) in (4.12) satisfies 

J(l) = /3 J2 ^ k+2 f\NQ k 3 l<CpJ{T^afu, 



(fej)eE 



by the finite overlap condition (|4.11). The second term J (2) is dominated by 



C J2 [ {Mfa) p u<CW 



V 

LP (a) 



(fcj)eF 



by our assumption (1.7). It is useful to note that this is the only time in the proof that we 



inequality (1.25) 



use the maximal function inequality (1.7) - from now on we use the dual maximal function 



Remark 4.14. In the arguments below we can use Theorem 2 of [19] to replace the dual 
maximal function assumption 9Jt* < oo with two assumptions, namely a 'Poisson two weight 
A p condition' and the analogue of the dual pivotal condition of Nazarov, Treil and Volberg 
[ID] . The Poisson two weight A p condition is in fact necessary for the two weight inequality, 
but the the dual pivotal conditions are not necessary for the two weight inequality for the 
Hilbert transform. On the other hand, the assumption 971 < oo cannot be weakened here, 



reflecting that our method requires the maximum principle in Lemma 2.9 



It is the third term J (3) that is the most involved, see Figure 4.2 The remainder of the 
proof is taken up with the proof of 



(4.15) 

where 
(4.16) 



£4 

(fe,i)eG 



L XzQ k Jt 



a to 



< ci^w: + 7 2p T p + % p j 



V 
LPa(dx) ' 



R k < 



E 



\NQ>]\ P 



Once this is done, the proof of (4.12) is complete, and the proof of assertion (1) is finished. 



4.4. The Calderon-Zygmund Decompositions. To carry out this proof, we implement 
Calderon-Zygmund Decompositions relative to the measure a. These Decompositions will be 



done at all heights simultaneously. We will use the shifted dyadic grids, see (2.3). Suppose 
that 7 > 2 is a doubling constant for the measure a: 

(4.17) \3Ql<l\Q\ a , all cubes Q. 

For ae {0, |, |} n , let 



M a J (x) 



sup 

xeQev° 



\Ql 



1/1*7, 



(4.18) 



T? = {x ER: M a J(x) > ^} = {JG:>\ 
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where {G"' 4 }( t s ) eLQ are the maximal V a cubes in T", and h a is the set of pairs we use to 
label the cubes. This implies that we have the nested property: If G^ 1 ^ G",' then t > t' . 
Moreover, if t > t' there is some s' with G°' 1 C G*p . These are the cubes used to make a 
Calderon-Zygmund Decomposition at height 7* for the grid T> a with respect to the measure 
a. We will refer to the cubes {G"' ( } ((s)eLa as principal cubes. 



s J(t,s)eL° 



Of course we have from the maximal inequality in (2.2) 



(4.19) J2 T^WI* < C 



v 

LP (a) 
(t,s)eL a 



The point of these next several definitions is to associate to each dyadic cube Q, a good 
shifted dyadic grid, and an appropriate height, at which we will build our Calderon-Zygmund 
Decomposition. 



It is now that we will use the following consequence of the doubling condition (4.17) for 
the measure a: 

(4.20) \P(G)l< 1 \G\ a , GeV<*. 

The average \ n l, t \ f G a,t \f\ da is thus at most j t+1 by (4.20) and the maximality of the cubes 



in (4.18): 



(4-21) 7*<T7^r/ Jf\to< K^% n ,L*v I l/l ^ < 77* - T W 



s'IJg^ 1 \G.'\ a \P\G a ')\ o Jp{G. 

Select a shifted grid: Let a : T> — > {0, |, |} n be a map so that for Q £ V, there 
is aQ 6 p a (Q) so that 3Q C Q and \Q\ < C\Q\. Here, C is an appropriate constant 
depending only on dimension. Thus, a(Q) picks a 'good' shifted dyadic grid for Q. 
Moreover we will assume that Q is the smallest such cube. Note that we are discarding 
the extra requirement that 3Q C -^Q since this property will not be used. Also we 
have 

(4.22) Q C MQ, 

for some positive dimensional constant M. The cubes Q k ; will play a critical role 



below. See Figure 4.3 



Select a principal cube: Define A(Q) to be the smallest cube from the collection 
{Gs I (t, s) E h a } that contains 3Q; A(Q) is uniquely determined by Q and the 
choice of function a. Define 

(4.23) Hf = {(k,j): A{Q)) = G a / } , (s, t) E h a . 

This is an important definition for us. The combinatorial structure this places on the 
corresponding cubes is essential for this proof to work. Note that 2>Q k j C Qj C A (Qj) ■ 
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Parents: For any of the shifted dyadic grids T> a , a Q G T> a has a unique parent denoted 
as P(Q), the smallest member of V a that strictly contains Q. We suppress the 
dependence upon a here. 

Indices: Let 

(4.24) K,?* = {r | G?' m C Gf} . 

We use a calligraphic font /C for sets of indices related to the grid {G"' 4 }, and a 
blackboard font EI for sets of indices related to the grid {Qj }• 
The good and bad functions: Let A G <*,t+i = , a } +1 , Jq^+i fa be the a-average of 

f on G" ,4+1 . Define functions gf'* and h" ,f satisfying / = gf'* + hf'* on G"' 4 by 

G G?' 4+1 with r G K,?* 
x G G?'* \ U {G?' t+1 : r G £?'*} ' 

(1 , )()) ,„, ,,,-, ... x G G?> 4+1 with r G £?'* 



(4.25) 



^(x) 



h 



out. 



X 



/0) - A G?> t+1 



i6Gf\U{G" ,W :r6^} 

We extend both gf'* and /i"' 4 to all of M. n by defining them to vanish outside G"'*. 



x) 



Remark 4.27. We cannot use the simpler approach of defining g 

h^ 1 = Xc a ' t f ~ 9s ' l since application of the Maximum Principle in Lemma 

separation involving the triple of the cube G"'*, and the triples of the G">* do not form a grid. 



X G a,tA G a.t and 
2.9| requires a 



Now Uga.f+i < 7* +1 by d4.2l|. Thus Lebesgue's differentiation theorem shows that (any 
of the standard proofs can be adapted to the dyadic setting for positive locally finite Borel 



measures on 



(4.28) 



tirw < 7 



t+i 



< 



7 



G 



a,t I 



l/K 



a-a.e. xeG°'\ (t,s) eh a 



That is, gf™'* is the 'good' function and ft,"' is the 'bad' function 



We can now refine the final sum on the left side of (|4.15|) according to the decomposition 

a G {0, |, §} n , and 
a. Namely, we will 



of M-lf ■ We carry this out in three steps. In the first step, we fix an a G {0, |, |} n , and 



for the remainder of the proof, we only consider Q, for which a(Q, 



modify the important definition of G in (|4.10|) to 

(4.29) G Q 



Uk,j) : a(Qj) = a, \E$\ u > (3 \NQ^\ u and g§ holds} 



In the second step, we partition the indices (k,j) into the sets H°'* in (4.23) for (t, s) G L Q . 
In the third step, for (k,j) G H"' 4 , we split / into the corresponding good and bad parts. 
This yields the decomposition 



(4.30) 



e «; 



(k,j)e( 



j Ek (L X3Q ,fa)u 



<C(I + U), 



(4.31) 
(4.32) 

(4.33) 
(4.34) 
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/= E n, *= E n i 



2!) 



(t,s)eL° 



(t,s)£h° 



E « 



/ s , ( L *3Q^V 



W 



J/! 



E 4 



(fej)Gl?' 

I 



tt,t 






Lx 3 Q k K' t( T)u 



Recall the definition of R, in (4.16). In the definitions of 7, I s and II, II s we will suppress the 
dependence on a G {0, |, |} n . The same will be done for the subsequent decompositions of 
the (difficult) term II, although we usually retain the superscript a in the quantities arising 
in the estimates. In particular, we emphasize that the combinatorial properties of the cubes 
associated with I"'* are essential to completing this proof. 

Term I requires only condition (1.27) and the maximal theorem (2.2), while term 77 will 
require both conditions (1.27) and (1.21), along with the dual maximal function inequality 
(1.25) and the maximal theorem (2.2). The reader is again directed to Figure 4.2 for a map 
of the various decompositions of the terms and the conditions used to control them. 

4.5. The Analysis of the good function. We claim that 
(4-35) I<C^^\\f\\ p LP{ay 



Proof. We use boundedness of the 'good' function gf>, as defined in (4.25), the testing con- 
dition (1.27) for Tj,, see also (4.4), and finally the universal maximal function bound (2.2) 
with /i = u. Here are the details. For x G Ej, (4.7) implies that Lx^g^a (x) = Lgf^a (x) 
and so 



E 1 = c E E 



«j 



< 



< 



(M)eL a 

c E 

(t,s)eL Q 

c E 

(t,s)eL Q 



(t,s)6L« (fej)eG°nH? •' 
\M* ( XG ^Lgfa)\ P 



(Lgfcr) 



UJ 



ijj 



I r „a,t _|P , , 

\ L 9s °1 w 



«,' 



< C 7 



2p 



,P> 



G'l 



E 

(t,s)eL ( 



a,i \ P 



7 



4+2 



UJ 



(t,s)eL° 
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where we have used (4.28) and (1.27) with g 



yt + 2 



in the final inequality. This last sum is 



controlled by (4.19), and completes the proof of (4.35) 



□ 



4.6. The Analysis of the Bad Function: Part 1. It remains to estimate term II, as in 
(4.33), but this is in fact the harder term. Recall the definition of Kf' f in (4.24). We now 



write 
(4.36) 



h 



a.t 



E [/ 






]x G . 



a,t+l 



y> 



reK," 



r£tC° 



-l b T a 



where the 'bad' functions b r are supported in the cube G^' t+1 and have cr-mean zero, j G a 
0. To take advantage of this, we will pass to the dual L* below. 

But first we must address the fact that the triples of the V a cubes G" ,t+1 do not form a 
grid. Fix (£, s) E h a and let 



(4.37) 



f-a.t 



{3Gf +1 : r E K a /} 



be the collection of triples of the T> a cubes G" ,t+1 with r e /C"' 4 - We select the maximal 



"a,t 



the 



triples {SG*^ 1 }, . a ,t = {Ti} eG£ c*,t from the collection (£">*, and assign to each r G K 

maximal triple Tt = T^ r ) containing 3G" ,t+1 with least £. Note that T^ r ) extends outside G"'* 
if G"' i+1 and G"' 4 share a face. By Lemma 



2.23 



applied to T> a the maximal triples {T^} 



have finite overlap 3 n , and this will prove crucial in (4.55), (4.75) and (4.56) below. 
We will pass to the dual of the linearization. 



iec c s 



(4.38) 



E k 
j 



(Lhfa) 



UJ 



E 

E 



re/C 



(Lb r a) uj 



re/Cs 



E * 



G?< t+1 n3Q* 



[L*Xe^J Ko 



Note that (4.7) implies L*v is supported in 3Q^ if v is supported in Ej, explaining the range 



of integration above. Continuing, we have for fixed (k,j) G I' 



a.t 



(4.39) 



(4.38) < 



Y] / ( L *XE*nT e(r) u)b r cr 

rv<x,t JG r 



l/k- 



To see the above inequality, note that for r e /C"'* we are splitting the set Ej into E* D T^ r ) 
and Ej \ T^ r y On the latter set, the hypotheses of Lemma 2.16 are in force, namely the set 
Ej \ r^( r ) does not intersect 3G" ,t+1 , whence we have an estimate on the 5- Holder modulus 



of continuity of L*XE k \T„ 



uj. Combine this with the fact that b r has a- mean zero on G 



a,t+l 
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to derive the estimate below, in which y* +1 is the center of the cube G^ ,t+1 . 
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/ G ., t+1 ( L *X^\2lW W ) K ° 



, v ^*Xs*\r /(r) w(y) - Ir*X^\T, (r) w(j/ r )J (M 



(4.40) 



< 



a 



G?' t+1 n3Q* 



CP(G^ +1 , X ^ r u;U 



'i(r) 



12/ — 2/ 



t+ii 



(G^ +1 ) 



|6 r (j/)|do-(y) 



< cp(<r,x^«»)/ 



|/|At. 



We have after application of ([439]), 
Ilt-- 



(4.41) 
(4.42) 
(4.43) 

(4.44) 



< Ifll) + 2ZJ(2) , 



*? 



(L/tfV) 



CJ 



^(i)= E 4 



(*J)6I° 



J/<(2) = Yl R ) 



(k,j)&° 



- p 

E pfe'^x^) / l/k 

Z ' V J / l n a,t+l 



j ' l-^(r) 



Note that we may further restrict the integration in (4.43) to G"' C\3Q^ since L*x E fc nT 
is supported in 3Q k j- 

4.6.1. Analysis of 11(2). We claim that 

(4.45) J2 UiV)<Cl 2p W?> f\f\ p a. 

(t,s)eL Q 



,k> 



Recall the definition of SPT^ in (4.3). 

Proof. We begin by defining a linear operator by 

(4.46) P* Oi) = E P ( G " ,t+1 > XbJA*) XO-.W- 

r6/C s ' 



In this notation, we have for (fc, j) e I"' 1 (See (4.23) and (4.33)), 
E P(G? t+ \ X E^(dx)) [ \f\a 
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J2 p(Gr + \x E ^) [ 

z — ' V i J lr,<*,t+i 

l/k 



a 



reK 






Go 
r 



a,t + l 



< 7 i+2 / P*( W )(T = 7 i+2 / (P*)*( XG?1 <a)a;. 

By assumption, the maximal function M.(oj-) maps L p (a;) to L p (a), and we now note a 
particular consequence of this. In the definition (4.46) we were careful to insert Xe u on the 
right hand side. These sets are pairwise disjoint, whence we have the inequality below for 
measures /i. 

(fc,i)ei?'* 

* (2-) 



(4.47) 



< 



E EE, 

(fc,j)eC'* r&K^ i= o I 
* (2-0 



2^G: 



<*,t+l I 



2 £ G 



ct+l j ' ^ 



sEE 



t |2 £ Gr' m l ^ /o,,--'M „-.' 



/x X G ?' t+1 ( x ) 



'2*G?' t+i nG? 

< Cx G? .*-M (x G? ,*//) (x) . 
Thus the inequality 

(4-48) || Xg?>< J] P)(|ffk)||^ ((T) <C9n,||x G? ^|| LP ' M 

(fcj)6HS"* 

follows immediately. By duality we then have 

(4.49) || Xg? , E (P|)*(|/ik)|| iPH <caji,||x G? ^||L P( ,). 



Note that it was the linearity that we wanted in (4.46), so that we could appeal to the dual 
maximal function assumption. 

We thus obtain 

p 



111(2) < Y {t+2) J2 Rk i 



{k,j)& a s 



(P})* (x G? ,*cr) duj 



Summing in (t,s) and using (P5)* < X/f£i)ei a,t (Pi)* ^ or (^'^) e ^?'* we obtain 



(4.50) J] J/*(2) < C 7 2 ^ J] t** J] i?* 



(M)eL Q 



(t,s)eL« (fcj)el?'' 



1 ' J 



(P*)' (x G? ,a) dw 
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(p*r ( Xor ..<x) 



cj* y. f E I4L 



\NQ 



uj 



(4.51) 



(4.52) 



< C7 7 2P E 7* / 



(t,s)eL a 



"1 p 



*# Uof* E ( p ')*fcH 



< C7 7 2p E ^ / 

(t,s)6lL« "^ l(£,i)&° 

< C7 7 2p ^ E 7 P *| G s''L 

(t,s)eh a 



E ( p *rfe-) 



w 



U) 



which is bounded by C 7 2p 9JtJ J \f\ p a. In the last line we are applying (4.49) with h = 1. □ 

4.6.2. Decomposition of 11(1). We note that the term //*(1) is dominated by IIl(l) < IffJ + 
IV*, where 



(4.53) 



mi 



Nl 



E 4 



(fcj)ei?'* 



E 



t JG r ' \^k + 2 



E 4 



(feJ)eiS 



E 



t J G T ' <~]£ik+2 



\L*XE^T l(r) u) b r O- 



L *XE*nT e(r) u)b r o- 



The term III\ includes that part of b r supported on G* ,t+1 \ Vt k+2 , and the term IV* includes 
that part of b r supported on G"' t+1 fl fik+2, which is the more delicate case. 

Remark 4.54. The key difference between the terms IIIl and IV* is the range of integration: 
Qa,t+i y Q k+2 for IIIl and G"' t+1 fl fik+2 for IV*. Just as for the fractional integral case, 
it is the latter case that is harder, requiring combinatorial facts, which we come to at the 
end of the argument. An additional fact that we return to in different forms, is that the set 
G": t+1 fl fik+2 can be further decomposed by Whitney decompositions of fik+2- 

Recall the definition of X* in ( |4.5[ ) . We claim 

(4.55) E nn<v%[\fr<r- 

Proof. Let Ej = 3Qj\flk+2 (note that Ej is much larger than Ej). We will use the definition 
of Eh in (4.16), and the fact that 



(4.56) 



E X Tt < 3" 



ezc° 
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provided N > 9. We will apply the form (2.15) of (|1.21|) with g = Xe^t,i a l so see (|4-5|), and 
with 



Q = T £ n Q) 



in the case T £ D Q k is a cube, and with 



Q = T* 



in the case 7) D Q k is not a cube. In each case we claim that 

Q C T e n 3QJ. 

Indeed, recall that Q* is the cube in the shifted grid V a that is selected by Q k as in the 

definition 'Select a shifted grid' above and satisfies 3Q k C MQ k C iVQ^ where N is as in 
Remark 2.7, by choosing iiV sufficiently large in (2.6). Now Tt is a triple of a cube in the 



grid V a and Q^ is a cube in V a . Thus if T e D Q^ is not a cube, then we must have T t C 3Q^ 
and this proves the claim. We then have 



///* < £ R 



(k,j)&° 



E E 






L *XE*nT e(r) u 



< 



E * 



(k,j)&° 



-ip-1 



E 



tec?.*^ n3 ^ 



< 3? E R ) 

(fc,i)6l?'' 



L*XE^nT e u 
p-l 



a 



a 



t\P 



p-i 






l^'To- 



rv 






5^ |T,n3Q 



te£^ 



n ' a 






< 



< 



s: E 

(fc,i)eiS 



E 



NQ 



3 \u) 
k\ 



\NQ« 



k\p~ l 



a ' a 



E * 



(fc,j)ei? :t E $ (kjjeGTTH? 1 £ 



(i/r+i^/na. 



Using 



(4.57) 



E E 



A^ifc 



E ^ ^ c ' 

a/i kj 



we thus obtain (4.55). 



□ 
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4.7. The Analysis of the Bad Function: Part 2. This is the most intricate and final 
case. We will prove 



(4.5* 



E 

(t,s)eL a 



IV* < C{^V + <% + 7 2p 9^} J \f\ p 



a 



where %, T* and 2Jt* are defined in (4.4), (4.5) and (4.3) respectively. The estimates (4.35), 
(4.45), (4.55), (4.58) prove (4.12), and so complete the proof of assertion 1 of the strong type 
characterization in Theorem 11.241 Assertions 2 and 3 of Theorem II .241 follow as in the weak- 
type Theore m |1.19| Finally, to prove assertion 4 we note that Lemma 2.22 and condition 
(1.27) imply (1.8), which by Theorem 1.6 yields (1.7). 

4.7.1. Whitney decompositions with shifted grids. We now use the shifted grid T> a in place of 
the dyadic grid V to form a Whitney decomposition of flk+2 in the spirit of (2.6). But first 

we introduce yet another construction. For (t, s) G h a and (k,j) G I"'* let Q k be the largest 

T> a cube containing Q k and satisfying 



(4.59) 
where R', 



Ry/Qj C fife. 



w 



Rw 

M 



and M is defined in (4.22 ). Note that such a cube Q k exists since Q k C MQ } 



by (4.22) and RwQ; C fi& by (2.6). Moreover, we can arrange to have 



(4.60) 



3Q k C NQ k 



where N is as in Remark 2.7, by choosing R\y s uffic iently large in (2.6). (Recall that the 

cubes Q k are chosen at (4.22) above.) See Figure 
Now note that we could have for i < j 



4.3 



(4.61) 

Let us define 

(4.62) 



Q 



k+2 



Q 



k+2 



?.a,k+2 



{% : i < j for all j satisfying (4.61 )} . 



Thus S a ' k+2 selects a unique index i to label each cube Q k+2 - It is immediate that 



Q k+2 \ 

1 ) ie§ a ' k + 2 :a( 



-,k + 2\ 



is a pairwise disjoint collection of cubes in T> a . These cubes satisfy a modified Whitney-type 
condition, namely 

3Q- +2 C 5F 2 C 5F 2 C NQ k+2 C Q k+2 , 
for all indices i, not just for those i G S a,k+2 . Hence with R' w 



jHf, we have 



■tiwQ 



k+2 



3R W Q 



)i/+2 n n c k+2 



G fifc+2, 

+ 0, 



:?(• 
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Figure 4.3. The relative positions of the cubes Q k , Q k , and Q k inside a set Qk- 



Q 



Ql J e 



,k+2 



,ie 



,e+2 



implies k > L 



We now complete this collection to a pairwise disjoint Whitney covering of Vtk+2 by cubes 
B^~ 2 in V a satisfying 

3R' w Bt+ 2 n fiL.0 ^ 0, 



V^m 



6 fc+2 



and the following analogue of the nested property in (2.6): 
(4.63) B k Q B\ implies k > I 



Indeed, we simply use the decomposition in (2.6) with V replaced by V a and Rw replaced 
by R' w . In particular we have decomposed 



n 



k+2 



l> 



k+2 

m 



into a Whitney decomposition of pairwise disjoint cubes B^ 2 in T> a that include among 
them all of the cubes Q k+2 with i G *§> a ' k+2 , namely: 



Q k + 2 = B k + 2 for some m if a = a (Q k+2 ) and g5jj| ) holds. 



(4.64) 

Note that the set of indices m arising in the decomposition of flk+2 into T> a cubes B^ 2 is not 
the same as the set of indices i arising in the decomposition of Qlk+2 into V cubes Qf +2 , but 
this should not cause confusion. So we will usually write B k+2 with dummy index i unless 
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it is important to distinguish the cubes B i +2 from the cubes Qi +2 - This distinction will be 



important in the proof of the 'Bounded Occurrence of Cubes' property in § |4.7.9| below. 
Now use fifc+2 = U-B,f +2 to split the term IV* in (4.53) into two pieces as follows: 



(4.65) 



w* s < j2 R * 



•sac?-' *ex| 



\L*X E *nT e(r) u) h r° 



(fe,j)6l?'' 

IV* (1) + 71/* (2) 



EE 



CK,t + l n Dfc + 2 






(^X^nr^wJ &r<7 



where 
(4.66) 
and where 

(4.67) 



I* = { z : A *+ 2 > 7 <+2 } and ^ = {i : A*+ 2 < 7 i+2 } 



v fc+2 



l-D, I JB + 



\f\da 



denotes the cr-average of |/| on the cube B\ +2 . Thus IV (1) corresponds to the case where 
the averages are 'big' and IV (2) where the averages are 'small'. The analysis of IV*(1) in 
(4.65) is the hard case, taken up later. 



4.7.2. Replace bad functions by averages. The first task in the analysis of these terms will 
be to replace part of the 'bad functions' b r by their averages over -Bf +2 , or more exactly the 
averages A^ +2 . We again appeal to the Holder continuity of L*XE k nT e UJ - By construction, 

3-Bj +2 does not meet _E fc , so that Lemma 2.16 applies. If B { +2 C G>'* +1 for some r, then 



there is a constant c\ +2 satisfying \c^ +2 \ < 1 such that 



(4.68) 



i \ i 

< CP(B* +2 ,x^ 



^nr^w 



uj 



fe+2 



a U\A?> t+1 \+A>! +2 ) 

\b r \ a . 



Indeed, if z\ is the center of the cube B i + , we have 

= L * (x^nr i(p) w) W +2 ) f Bk+2 br<r + O I P (fif +2 , x^. 



nr, 



C(r-) 



W 



(7 



fc+2 



:;s 
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\ l J I L I (7 % 

+ o{p(B? +2 ,X E JnT, M -)/ sr IM^ 



Now, the functions b r are given in (|4.36|), and by construction, we note that 
1 



fc+2 



b r a 



I B k+2 1 
So with 



we have |c, fc+2 | < 1 and 



L *XE*nT e(r y 



< 






«,t+l| 



/ fr+w^rf \f\°=\ A r' t+1 \+^ 

n a,t+l \B \ R k + 2 



Js+2 



A 



a,t+l\ _j_ /\fc+2 I nk+2 



k+2 



b r a, 



uj ) b r a 



,.:, v L *^n^ M ^ 



aW|A r Q ' t+1 |+A*+ 2 ) 
H-o{p(^, x ^ w o;)^ +2 |6> 



In the special case where B { +2 is equal to G" ,t+1 , then Jgfc+2 6 r cr = J b r a = and the above 
proof shows that 



(4.69) 



L, ( L ***™w) ^ s cp ( B - +2 - ^™> M W ) / Bl+1 i/i - 



since J^+2 |6 r | a = f G a,t+i \f - A*' t+1 \ o < 2 / G a,t+i |/| a = 2 / B fe +2 |/| cr. 

Our next task is to organize the sum over the cubes B { +2 relative to the cubes G" ,f+1 . This 
is necessitated by the fact that the cubes B\ +2 are not pairwise disjoint in k, and we thank 
Tuomas Hytonen for bringing this point to our attention. The cube B { +2 must intersect 



Ure/Cf'* G 



a.t+1 



since otherwise 



G?' t+1 nsf+ 2 



L*Xe> 



nr. 



l(r) 



u ) b r o = 0, r G /C 



Q.f 



Thus .Bj +2 satisfies exactly one of the following two cases which we indicate by writing 
i G Case (a) or i G Case (6): 

Case (a): Bf +2 strictly contains at least one of the cubes G" ,m , r G /C™'*; 

Case (b): fif +2 C G°' t+1 for some r G £?'*. 

Note that the cubes Bf +2 with i G X* can only satisfy case (b), while the cubes B\ +2 with 
z G i7 s * can can satisfy either of the two cases above. However, for each fixed r G Kf'* there 
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are at most a bounded number of k's for which there are cubes B % 
contained in G"' t+1 , namely 

Claim 1. 

(4.70) # {k : B k+2 C G?' t+1 for some i and (k,j) e 1^} < C 



k+2 



as in term IV^ that are 



for each r G K 



a.t 



Proof. We will appeal to the 'Bounded Occurrence of Cubes' in £4.7.9 below. This principle 
relies upon the defmtion of G in (4.10), and applies in this setting due to the definition of 
I"' 4 in (4.34). We also appeal to the following fact that is an immediate consequence of 
A(Q k )=Gf if (k,j)e¥ s 



ira.t. 



(4.71) 



G?' t+1 cQkQj whenever B k+2 C G^ t+l n 3Qf with (k,j) E T 



s ' 



So to see that Q4.70[ ) holds, suppose that A (Qj) = G?'* and B k+2 C G r Q ' m with associated 



cube 30^ as in (4.71). Then the side length £ (Q k ) of Q k is at least a fixed positive constant 

c times that of C7^ t+1 . Indeed, if £ (Qj?) < £ (G?' m ), then we would have Q k C G°' m and 
as a consequence ^4 (Q^) = C7" ,4+1 , a contradiction. Thus if B\ is a cube at level k that is 
contained in G"' t+1 , then it will have side length comparable to that of Q k since B k and Q k 
are both Whitney cubes in (different) Whitney decompositions of the same open set Qk- 

Now suppose that B k+2 , B k , B k ~ 2 , ..., B k ~ m is a sequence of such cubes all contained in 
G"' t+1 , with associated sequence Q k , Q k ~ 2 , Q k ~ 4 , ...Q k ~ m ~ 2 satisfying 

B k+2 c ggfe^ ^fc c ggfe-2 ^ ^fe-m c 3 Qk-m-2 _ 

Then the side length of _B fc_ '" is comparable to that of Q k ~ u ~ 2 for < w < m. Now we see 
that m is bounded upon using the bounded occurrence of these cubes B k ~ u , coupled with 
the fact that their side lengths £ (B k ~ u ) are essentially nondecreasing. The nondecreasing 
assertion follows because 

(1) £(B k - u ) ^£(Q k - u ' 2 ), 

(2) the smallest Q k already is essentially at least the size of G^ ,t+1 and 

(3) the Whitney condition then implies that all cubes Q at a fixed level k—u that intersect 
Qa,t+i h^yg comparable size. 

□ 



This completes the proof of (4.70) 



In fact we can establish a slightly stronger conclusion that will be useful later. For this 
note that Qk+2 decomposes as a pairwise disjoint union of cubes B k+2 and thus we have 



G 



a,t + l 



( L *XE k 

nn fc+2 v 



l l(r) 



us) b r cr 






k + 2 



L *X E ':nT f( ^)brO-, 



L t(r) 



since the support of L*\E k c\T , u is contained in 2Q k C Q k C Q k by (4.7). Since both B, 



L l{r) 



?fc+2 



and Q k lie in the grid T> a and have nonempty intersection, one of these cubes is contained 
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in the other. Now B k+2 cannot strictly contain Q k since Q k = B k for some I and the cubes 
{Bjj . satisfy the nested property (4.63). It follows that we must have 

(4.72) B k+2 C Q) whenever B k+2 n Q) + 0. 

As a result of (4.70), for those % in either X\ or J l s that satisfy case (b), we will be able to 
apply below the Poisson argument used to estimate term II l s (2) in (4.45) above. 

We now further split the sum over % G J] in term W* (2) into two sums according to the 
cases (a) and (b) above: 

v 



(4.73) it? (2) < Y. R 



(k,j)&°s 



E E 

•g/C?'* *S 31 and i^Case(a) 



G?- t+ W+ 2 



\L*XE^T l(r) ^) b r v 



+ E * 



(k,j)&° 



* ' Z ' n a,t+l nR fe + 2 V ^ t(, > / 

^i"*.* iP.7* and ipCaaeJh) Ur ' '-"i 



-gX a '' * e ^i and i&Case(b) 



it? (2) [a] + TV? (2) [6] 



We apply the definition of Case b and (4.68), to decompose IV* (2) [6] as follows. 



Wl (2) [6] = ^ ft 



(fc,i)ei° 



E E 



< 



E * 



(*>i)£lS 



re/C?' 4 i€3*:B*+ 2 cG?' t+1 B 



E E 



6 r (T 



Q '* ia q-t.n k + 2 <-a a < t+1 
V 



rex:?- 1 iej*:B^cG 



L *X E )r(r l{r) u 



xc" 



fc+2 ('|^4 a .*+ 1 | _i_ /\ fc + 2 ) 



(4.74) 



+ yj ft 



(r) 



UJ 



yj yj p(r,x^. , ,., 

= V?(l)+V?(2). 
4.7.3. The bound for V(l). We claim that 

(4.75) J] K* (1) < C7 2p T- 

(t,s)eL a 

Proof. We will dualize, passing from L* to L applied to the function 



k + 2 



\b r \ a 



TP\\ f\\P 

\LP(p) ■ 



h, 



E E 



I /dtt,*+l| _l_ A fe + 2 
fc+2 K> I X i ■*, 

C„- — XB k + 2 



7 



t+2 
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It is essential to note that this function has modulus bounded by a constant since i e J~*, 



and because of (4.70). We have 


\ 










E / L(h tyS/ a)uj 

eecr jE J nTe 


n » 


< 7 p(*+2) J2 R k 3 

(fe,i)ei?'* 


E / mht, s ,ecr)u 




< 7 p(*+2) J2 R)\ 


7 


E*^ 


(XrA.«^) 



w 



— 7 



p(t+2) 



/ M " ( E X ^ T * (Xnht,^ cr ) 



U) 






the bounded overlap of the cubes T^, see (4.56), and the argument just after (4.37). 



We see that (4.19) then implies (4.75). 



by the bounded overlap of the cubes Tt and the testing condition (jl.27|) on Tj,, see (|4.4|). For 

□ 



4.7.4. The bound for V(2). We next claim that 

(4-76) E V:(2)<C^m:\\f\\l P{(7) . 

(t,s)£h a 



Here, 9Jt* is defined in (4.3), and V% (2) is defined in (4.74). 



Proof. The estimate for term V% (2) is similar to that of 111(2) above, see (4.45), except that 
this time we use (4.70) to handle a complication arising from the extra sum in the cubes 
R fc+2 . We define 



p )»-E E E p(^ +2 ,^ n ^)x^ 

1 re^'':£(r)=£ ieJ*:B% +2 cG?' t+1 



fc+2 . 



We observe that by (4.70) the sum of these operators satisfies 



(4.77) 



(fe,i)ei° 



and hence the analogue of (|4.49[) with P^ defined as above: 



(4.78) 



xg?* E ( p ;)*(I%)IU„)< ot *IIxg?^IU* 



'{*) 



(fcj)ei° 
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With this notation, the summands in the definition of V^(2), as given in (4.74), are 



(4.79) E E 



re/Cj' :£(r)=£ iS J" s *:Bf +/ CG 



E P (Bf«, X E?nT(W ) (/ a) { 1 / l/k 

fe+2 rr ,a,t+l V^i / U * Iff * 



^ ^E/ E E P(^ +2 )X ^nT^)xBH^ (since zGj, 4 ) 



r&K.s'-.e(r)=eiej^.B^ +A ca 



t.r>k + 2 r - f ~ l a,t + l 






W. 



We then have from (4.74) and (4.79) by the argument for term 11^(2), 



Y k*(2) < c 7 2p x; ^ pt E * 



(t,s)SL° 



(t,s)eL« (fc,j)ei?-* 



v; 



(P?)* (%*.**) 



CJ 



< 



< 



c^ Y i* / "» Ur E ( p 0* (**") 



UJ 






(t,s)eL a 



E CPO'Uof") 



.(4i)el?'' 



CJ 






(t,s)elv 



In last lines we are using the boundedness (1.25) of the maximal operator. 



□ 



4.7.5. The bound for IV (2) [a]. We turn to the term defined in (4.73). In case (a) the cubes 
B>* +2 satisfy 

G a,t+1 c gk+2 whenever Qa,t+1 p £fe+2 _^ 0> 

and so recalling that i G ^ and i G Case (a), we obtain from (4.69) that 
JV,'(2)[a] = 



E «. 



(fc,j)ei° 



E E L +1 (*>^) &t* 



iej^ and ieCase(a) r: G^' t+1 c_B 



< 



£7 E * 



(fc,i)eiS 



E E p («? 



J / J G a,t + l ' ' 



< £^+2) £ fl 



(fc,i)ei° 



E p(^ +1 ,x.-)|g^l 



r : G?* +1 c3Q| 
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But this last sum is identical to the estimate for the term U*(2) used in (4.50) above. The 
estimate there thus gives 

(4.80) Y, ^(2)H<C 7 2p 9^ Yl Y^G^^C^m^flffa, 

which is the desired estimate. 



(t,s)eL a 



4.7.6. The bound for TV (1). This term is the right hand side of (4.65). Recall that for i G X* 
we have i G Case (2) and so B^ +2 C G" ,t+1 C T^ r ) for some r G /C°' 4 . From (4.72) we also 

have Bf +2 C Qj. To estimate the first term IV* (1) in (4.65), we again apply (4.68) to be 



able to write 



(4.81)7^(1) < C J2 R 



(fc,i)6l° 



E E 



iGXt-.B^CTi 



B K 



^*XB*nT/ w 



(7 



A fc+2 



(4.82) 



E E _*{*!"•***>) J^W' 



iell-.B^cTenQ 1 * 



+c y r j 

= WJ(1)+VZJ(2). 

We comment that we are able to replace the averages on B t +2 of the bad function b r by 
|^a,t+i| _|_ /\k+2 < 2A^ +2 since i G I* in this case, see (4.66), and note that membership in X* 
implies that the average of \b r \ is dominated by the average of |/| over the cube B* +2 . 

4.7.7. The bound for V7(2). We claim that 

(4.83) Vll(2)<CWlP J2 \B- + \ {Ai +2 ) P ■ 

k and i£Z|:.B* +2 C some T ( nQ*CG"'' with (fcj)el?'' 



Proof. The term V7*(2) can be handled the same way as the term V s *(2), see (4.76), but using 

h= Y ^ +2 Xb^ 



instead 



k and i 



in (4.78) to obtain 






<cwk Y K fc+2 l( A * + T- 



Lp{uj) 



k and i as in (|4.83|l 
jk+2 



Here we are using the bounded overlap of the cubes B i given in (4.70). We then use 

~\ v 



W,(2) 



E R 



(fc,i)£i° 



E E 



P(Bf +2 ,X^nT^ 



i6Z|:Bf +2 c7inQj 



a A 



fc+2 



zr 
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P 



c J2 j#|/(p})Ww 



(k,j)&° 



< C \mJ Xg *,< Yl (^T(XG^ha) 



to 



(k,j)&° 



< c 



Xg^ Yl ( P i)*(XG?.*^) 



(fc,j)ei° 



to 



to complete the proof of (4.83) 



D 



4.7.8. The bound for V7(l). Recall from p~72J ) that B\ +2 C Q) whenever B? +2 n Qj ^ 
We claim that 



(4.84) 



VH(l) < CVi 



E 



-B 



fc+2 



fc+2\P 



„ W+ 2 ) 



ieZJ:Br M C some T^nQ fc CG"' 1 with (fe,j)el 



Proof. We first estimate the sum in % inside term V7*(l). Recall that the sum in i is over 
those i such that B i +2 C G^' t+1 C T^ for some r with £ = £ (r), and where {Z^ is the set of 
maximal cubes in the collection {3G" ,4+1 : r e /C"'*}. See the discussion at ( |4.37 ), and (4.56). 
It is also important to note that the sum in i deriving from term W* is also restricted to 



those i such that B* + * C Qf by (4.72). We have 



E 



fc+2 



L *X E ^T t{ ^ 



a 



>fc+2 



<Y,\ B " +2 \M +2 y 

i 

<Y,\ B " +2 \M +2 f 






fc+21 1 -?' 



IT 



fc+2 



L *X E fnT m u 



a 



p-i 



E 



fc+2 



<c^xX +2 U A * 



fc+2\p 



p-i 



(7 



p-1 



Ek 



< ct£^ |^f +2 L ( A * fc+2 ) p |^Q 



fcjp- 1 

3\w ' 
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where the second to last inequality uses the form (2.15) of (1.21) with g = XE k nT e an d Q = Ti- 
With this we obtain, 



(4.85) 



k+2\ 



(fcj)el?'' ieX » 

< cii e 



(A 



k+2\p 



NQ« 



kip- 1 

3 \u) 

B? +2 \(A* +2 y, 



JGX*:Bf +/ C some T e nQ^CGs' with (k,j)&° 



since R- \ NQ 



!,- \Dk\P- 1 < Y 



D 



Our final estimate in the proof of (4.58 ) is to dominate by C J \f\ p da the sum of the right 
hand sides of ( |483| ) and gjg over (t, s) e h a : 



(4.86) 



E E \Bn(^ +2 r<cJ\frda. 

(M)eL a ie jt :B fc+2 c some Tfn gfc cG? ,t with ( fc j) eI j.t 



The proof of (4.86) will require combinatorial facts related to the principal cubes, and the 
definition of the collection G in (4.29). Also essential is the implementation of the shifted 
dyadic grids. We detail the arguments below. 

4.7.9. The combinatorial arguments. 

Bounded Occurrence of Cubes: A given cube Q e T> a can occur only a finite num- 
ber of times as B^ +2 in (4.86). Specifically, let (ki,ii), . . . , (fcjvfjijw) G G, as defined 
in ( |4l0| ), be such that Q = J Bf; +2 for 1 < a < M. It follows that M < C7/3" 1 , where 
is the small constant chosen in the definition of G. The constant C depends only 
on dimension. 



The Whitney structure, see (2.6), is decisive here. For this proof it will be useful to use m 
to index the cubes B^~ 2 and to use i to index the cubes Q^ 2 ■ First we have this claim. 

Claim 2. A given Q e T> can occur only a finite number of times as Qi +2 in a pair of cubes 
(Q- +2 ,Q, fc ) withQt +2 cQJ. 

The distinction between this claim and the property we wish to prove is that the collection 



of cubes {B^ 2 } m is the Whitney decomposition of Qk+2 into £> a -cubes constructed in § 4.7.1 
while the collection of cubes {Qi +2 }i is the Whitney decomposition of fifc+2 into P-cubes 



constructed in 5 4.2 



Proof of the Claim. So suppose that (fci, i±), . . . , (/cm, Im) €E G are such that Q = Q, for 

1 < a < M. Let Q£ be such that Q C Q£, with the indices (k a , j a ) being distinct. Observe 

that the finite overlap property in (2.6) applies to the cubes Q£ and gives us the observation 
that a single integer k can occur only a bounded number of times among the hi, . . . , k M . 
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After a relabeling, we can assume that all the k a for 1 < o < M' are distinct, listed in 
increasing order, and the number of k a satisfies CM 1 > M. The nested property of (2.6) 
assures us that Q is an element of the Whitney decomposition of Qk for all k\ < k < ku'- 

Remark 4.87. Note that the k a are not necessarily consecutive since we require that (k a ,j a ) G 
G a . Nevertheless, the cube Q does occur among the Q k+2 for any k that lies between k a 
and k a+ i. These latter occurrences of Q may be unbounded, but we are only concerned with 
bounding those for which (fco-, j CT ) G G a , and it is these occurrences that our argument is 
treating. 

Thus for 2 < o < M', both Q and Qf are members of the Whitney decomposition of the 
open set Vl k{j . By the Whitney condition, we have R w Q k ° C fi^ but 3RwQ <t- &k a , whence 
3RwQ <t- RwQ^l- Since we are free to take Rw > 4, this last conclusion shows that the 
number of possible locations for the cubes Q£ is bounded by a constant depending only on 
dimension. 

Apply the pigeonhole principle to the locations of the Qf- After a relabeling, we can argue 
under the assumption that all Qj equal the same cube Q' for all choices of 1 < a < M" 
where CM" > M. There is another condition that the indices (k a ,j a ) must satisfy: They 
are members of G, as given in (4.10). In particular we have |-E 7 CT | W > 0\^Q'\oj where N is 



as in Remark 2.7 The k a are distinct, and the sets E£ C Q' are pairwise disjoint, hence 
M"f5\NQ'\ w < \Q% implies M" < /3" 1 . Our proof of the claim is complete. □ 

Proof. Now we return to the proof of the Bounded Occurrence of Cubes. For each cube Qj +2 
there is an index m such that Q^ +2 = B^ 2 and so 

Qk+ 2 c 3Qk+ 2 c Qk+2 c ^2 = B k+2 c NQ k+2_ 

Thus the above claim shows that there are only a bounded number of times that a given 
cube Q G V can arise as B\ +2 with i G S a ' fc+2 , the latter collection defined in (4.62). 

Finally, to deal with those B^ 2 that do not arise as some Qi +2 , i.e. i <£ S a,k+2 , we simply 
apply the entire Whitney argument above to these cubes B k+2 using that the Bj are defined 
as in (2.6) but with T> a in place of D and R' w in place of Rw- D 

Definition 4.88. We say that a cube B i +2 satisfying the defining condition in V7*(l), namely 

there is (k,j) G 1°'* = G a n if such that 

B\ +2 C Q) and 

fi,f +2 C some G?' t+1 C G a / satisfying A 4 fc+2 > 7 i+2 , 



is a final type cube for the pair (t, s) G L Q generated from Q k ,. 

We can now complete the bound for Yli(ts)&, a ^siX)- The collection of cubes 
J 7 = {B k+2 : Bi +2 is a final type cube generated from some Q k 
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with (k,j) G I"'* for some pair (t, s) eL"}. 

satisfies the following three properties: 

Property 1: J 7 is a nested grid in the sense that given any two distinct cubes in J 7 , 
either one is strictly contained in the other, or they are disjoint (ignoring boundaries). 

Property 2: If B k+2 and B k ' +2 are two distinct cubes in T with B k ' +2 C B k+2 , and 
k, k' have the same parity, then 

Af +2 > 7A, fc+2 . 

Property 3: A given cube B k+2 can occur at most a bounded number of times in the 
grid J- '. 

Proof of Properties 1, 2 and 3. Property 1 is obvious from the properties of the dyadic shifted 
grid T> a . Property 3 follows from the 'Bounded Occurrence of Cubes' noted above. So we 
turn to Property 2. It is this Property that prompted the use of the shifted dyadic grids. 

Indeed, since B v +2 ^ B k+2 , it follows from the nested property (4.63) that k' > k. By 
Definition 



4.88 



there are cubes Q k , and Q k satisfying 



? *'+2 r- nk> and 



b«+* c Q k ; 



B« +2 c Q 



k 
V 



ya,t' 



a£ 



and also cubes G a f C G a / such that (k',f) G I"' and (kj) G I?'* with (£', s') , (£, s) G L' 
so that in particular, 



QJ,' C Gf and Q k C Gf \ 



Now k! > k + 2 and in the extreme case where k' = k + 2, it follows from (4.64) that the 

£> a -cube Qf, is one of the cubes B k+2 , so in fact it must be B k+2 since B k>+2 C B k+2 . Thus 
we have __ 

B k ! +2 c Q k ', = B k + 2 . 

In the general case k' > k + 2 we have instead 



B? +2 C Q k : C B. 



fc+2 



Now l\ k+2 > 7 '+ 2 by Definition 
(4.89) 
and also so such that 



4.88, and so there is to >t + 2 determined by the condition 

to < frk+2 < to+l^ 



B k + 2 c G .,t c G «,t ) 

where the label (to> s o) need not be principal. Combining inclusions we have 



Q k ; c B* +2 C G#», 



ira.t' 



and since (k',f) G I",' , we obtain G"; C G^* . Since (£', s') G L Q is a principal label, we 
have the key property that 

(4.90) t' > t . 



1* 
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«f 



Indeed, if G°j = G"f° then (4.90) holds because (t',s') G L" is a principal label, and 



a,t' 



otherwise the maximality of G J shows that 



7*° < 



1 



I riotto I 



G 



'■'o 



1/1 da< 7 



t'+i 



i.e. t < *' + 1. 



Thus using (4.90) and (4.89) we obtain 

A fc'+2 > 7 f +2 > 7 t +2 > 7A fe+2 ; 

which is Property 2. 



D 



Proof of (JJ§. Now for Q = B^ 2 G J 7 set 

AW) =ic/, l/k=Ar 



Lb 



fc+2| 



fc+2 



l/k- 



With the above three properties we can now prove (4.86) as follows. Recall that in term 



IV (1) we have ielj which implies B, +2 satisfies case (b).In the display below by > we 

mean the sum over i such that B i +2 is contained in some G"' t+1 C G"'*, and also in some Q*? 
with (fc, j) e I"'*, and satisfying Af +2 > 2'+ 2 . The left side of (|4.86|) is dominated by 



E E E>M( A " +2 ) P 

(t,s)eL« (fcj)ei?'' * 

Ewi.AW^Eloi.fe/ 



Qe.F 



QeJ 7 



l/k 



/ E^qW 



1 



< c 



sup 

x&Q-.QeT 



l\Ql 
i 



l/k 



l/k 



dcr(x) 



Ax(x) 



< C/ M a J {xf a{dx) < C \f(x)\ p da(x), 

jR n Jm. n 

where the second to last line follows since for fixed igR", the sum 



E*Q 



X 



1 



UQi 



l/k 



is super-geometric by properties 1, 2 and 3 above, i.e. for any two distinct cubes Q and Q' 
in J 7 each containing x, the ratio of the corresponding values is bounded away from 1, more 
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precisely, 



'&!qV\°. 


p 


[iq'iJq'W" 


V 



This completes the proof of (4.86). 



^7~ P ,7 P ), 7>2. 



D 



5. The proof of Theorem 11.291 on the strongly maximal Hilbert transform 



To prove Theorem 1.29 we first show that in the proof of Theorem 1.24 above, we can 



replace the use of the dual maximal function inequality (1.25) with the dual weighted Poisson 



inequality (5.5) defined below. After that we will show that in the case of standard kernels 
satisfying (1.11) with 5 (s) = s in dimension n = 1, the dual weighted Poisson inequality 



(5.5) is implied by the half- strengthened A p condition 



(5.1; 




101 



\Q\ + \x-x Q \ 



da (x) 



die (x~ 



Q 



<A p (co,a)\Q\ 



for all intervals Q, together with the dual pivotal condition ( 5.2 ) of Nazarov, Treil and Volberg 
[TO] , namely that 



(5.2) 



J2\&IP {Qr,X Qo Uj) P ' <<£ P ;\Q 



Ola;' 



holds for all decompositions of an interval Qo into a union of pairwise disjoint intervals 
Qo — lX°=i Qr- We will assume 1 < p < 2 for this latter implication. Finally, for p > 2, we 
show that (5.5) is implied by (5.1), (J5.2) and the Poisson condition (1.33). 



It follows from work in [10] and [I] that the strengthened A2 condition (5.20) is necessary 
for the two weight inequality for the Hilbert transform, and also from [4J that the dual pivotal 
condition (5.2) is necessary for the dual testing condition 



T (XQ W ) da <C du, 
JQ 

for T when p = 2 and a is doubling. We show below that these results extend to 1 < p < 00. 
A slightly weaker result was known earlier from work of Nazarov, Treil and Volberg - namely 
that the pivotal conditions are necessary for the Hilbert transform H when both of the weights 
are u and a are doubling and p = 2. However, in [1], an example is given to show that (5.2) 
is not in general necessary for boundedness of the Hilbert transform T when p 



2. 



Finally, we show below that when a is doubling, the dual weighted Poisson inequality (5.5) 



is implied by the two weight inequality for the Hilbert transform. Since the Poisson condition 



(1.33) is a special case of the inequality dual to (5.5), we obtain the necessity of (1.33) for 



the two weight inequality for the Hilbert transform. 
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5.1. The Poisson inequalities. We begin working in IR n with 1 < p < oo. Recall the 
definition of the Poisson integral P (Q, v) of a measure v relative to a cube Q given by, 



(5.3) 



"^■SK 



d \u\ . 



We will consider here only the standard Poisson integral with S (s) = s in (5.3), and so we 



also suppose that 8 (s) = s in ( 1.11 ) above. We now fix a cube Q and a collection of pairwise 
disjoint subcubes {Q r }^Li- Corresponding to these cubes we define a positive linear operator 



(5.4) 



Fv ( X ) = J2 P (Qr 



V) 



XQ r 



X) 



r=l 



We wish to obtain sufficient conditions for the following 'dual' weighted Poisson inequality, 



P (fu) (x) p da (x)<C f p 'du (x), / > 



(5.5) 



uniformly in Q and pairwise disjoint subcubes {Q r }^Li- As we will see below, this inequality 
is necessary for the two weight Hilbert transform inequality when a is doubling. 



The reason for wanting the dual Poisson inequality (5.5) is that in Theorem 1.24 above, 



we can replace the assumption (1.25) on dual boundedness of the maximal operator M. by 



the dual Poisson inequality (5.5). Indeed, this will be revealed by simple modifications of 
the proof of Theorem 1.24 above. In fact (5.5) can replace ( |1.25 ) in estimating term /Tf,(2), 
as well as in the similar estimates for terms V^(2) and VP S {2). We turn now to the proofs of 
these assertions before addressing the question of sufficient conditions for the dual Poisson 



inequality (5.5). 



5.1.1. Sufficiency of the dual Poisson inequality. We begin by demonstrating that the term 



i7*(2) in (4.45 ) can be handled using the 'dual' Poisson inequality ( 5.5 ) in place of the maximal 
inequality (1.25). We are working here in IR n with 1 < p < oo. In fact we claim that 



(5.6) 



J2 ntV)<ci*w[ 



l/pv, 



{t,s)eh a 



where ^^ is the norm of the dual Poisson inequality (5.5) if we take Qo and its collection of 



pairwise disjoint subcubes {Q r }^Li to be G"' 4 and {G"' 4+1 } r , e/c a,t. Now the maximal inequality 
(1.25) was used in the proof of (|4.45) only in establishing (4.48), 



Hxg?.* E p jQ9\v)\\i*(,)<cfm*\\ XG «,*g\ 



Lp'(oj); 



(fcj)ei° 



where 



p}(m)= E p(g^ + \xe^)x g ^- 



r<=K. s 
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We now note that 

E p *(i*m = 
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(k,j)ei a s 



(fc,j)eC' 4 rex?-' 

< E p ( G ? ,w -^bH^ 

= p(xg?.*Nw)(»)» 



-,a,t+l 



proves 



which yields (|5.6) as before. 



The terms V (2) and VT(2) are handled similarly. Indeed, (4.70) yields the following 
analogue of (4.77), 

E P" (/x) < C Xg ^ ( Xo? .*A*) , 

from which the arguments above yield both (4.76) and (4.83) with SOT* replaced by Op*. 

5.1.2. Sufficient conditions for Poisson inequalities. We continue to work in M. n with 1 < p < 
oo. We note that ( |5.5[ ) can be rewritten 

CO „ 

E iGrL P (<5r, foof' < C / /"'dw, / > 0, 

and this latter inequality can then be expressed in terms of the Poisson operator P + in the 
upper half space IR™ +1 given by 



P + (/w) (*,*)= / P t (x-y)f(y)du(y). 

Indeed, let Z r = {xQ r ,£(Q r )) be the point in IR+ +1 that lies above the center xq t of Q r at a 
height equal to the side length £ (Q r ) of Q r . Define an atomic measure ds in M™ +1 by 



(5.7) 



ds(x,t) = ^2\Qr\ ff Sz r (x,t). 



r=l 



Then (5.5) is equivalent to the inequality (this is where we use 8 (s) = s), 
(5.8) / F + (fco)(x,t) p ' ds(x,t) <C I f p 'du{x), / > 0. 



We can use Theorem 2 in [19J to characterize this latter inequality in terms of testing 
conditions over P + and its dual PI given by 



K(gw)(x,t) 



Pt (y — x) g (x, t) dw (x, t) . 
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Let Q denote the cube in M" +1 with Q as a face. Theorem 2 in [19] yields the following. 



Theorem 5.9. The Poisson inequality (5.5) holds for given data Qq and {Q r }^Li if and only 
if the measure s in (5.7) satisfies 



n+l 



P+ (x q ujY' ds < C du 



pi f 



Xq 



ds 



du < C lt p 'ds 
'Q 



for all cubes Q £ T>, 
for all cubes Q £ V. 



Note that 



„ oo 

/ P + {XqujY ds^Yl \Qr\* P {Qr, X<f»Y ■ 

l-nn + l " ' » 

JK + r=l 

Claim 3. Let n = 1 and suppose that a is doubling. First assume that 1 < p < oo. Then for 
the special measure s in (5.7), inequality (5.8) follows from the dual pivotal condition (5.2), 
the Poisson condition (1.33), and the half-strengthened A p condition (5.1). Now assume that 
1 < p < 2. Then for the special measure s in (5.7), (5.8) follows from (5.2) and (5.1) without 
( p3| - 

With Claim [3] proved, the discussion above yields the following result. 

Theorem 5.10. Let n = 1 and suppose that o is doubling. First assume that 1 < p < 
oo. T/ien £/ie dual Poisson inequality (5.5) holds uniformly in Qq and {Q r } c ^ =l satisfying 
LXli Qr C Qo provided the half- strengthened A p condition (5.1), the dual pivotal condition 
( 5.2[ ), and i/ie Poisson condition ( jl.33 ) a// /ioW. A^ou; assume that 1 < p < 2. Tnen (5.5) 
no/ds uniformly in Q and {Q r }^ = i satisfying {J^L 1 Q r C Qo provided (5.1) and (5.2) froin 
/io/d. 

Remark 5.11. We do not know if Claim [3] and Theorem 5.10 hold without the assumption 
that a is doubling, nor do we know if the Poisson condition (1.33) is implied by (5.1) and 
( pT2| ) when p > 2. 

We work exclusively in dimension n = 1 from now on. 

5.1.3. Proof of Claim\^ Instead of applying Theorem |5.9| directly, we first reduce matters 
to proving that certain £> a -dyadic analogues hold of the two conditions in Theorem 5J3 For 
a £ \0, 3, |} we use the following atomic measures ds a on M.+ , along with the following 
©"-dyadic analogues of the Poisson operators P and P + (with 5 (s) = s), 



(5.12) 



P*„( X ) = J2 P « (C *) Xi ? (x) 



r=l 



$dy 



V"' v (x,t) 



Q<=V a :xGQ and £(Q)>t 



(Q)\Q\ 



du. 
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oo 

ds a (x, t) = y^ \I?\ 5 Z? {x, t) , 



r=l 

where 



(1) the interval I" is chosen to be a maximal 2)°- interval contained in Q r 

(2) the X> a -Poisson integral P^ (Q, z/) is given by 



OO £ „ 



where Q^' denotes the I th dyadic parent of Q in V a , 
(3) the point Z" = \Xia,(, (/")) in M^_ lies above the center xj-^ of I" at a height equal 
to the side length i\l?) of J r a . 

We will use the following dyadic analogue of Theorem |5.9[ whose proof is the obvious 



dyadic analogue of the proof of Theorem 5.9 as given in [19J. 
Theorem 5.13. The T> a -Poisson inequality 

[ P* a (fuf ds a <C [ F'du, / > 0, 
Jwl 2 + Jq 

holds if and only if 

(5.14) f F d ^ a ( Xq co) p ' ds a < C I du, for all intervals Q G V a , 

Jr 2 + Jq 

J (P+O* (f'^XqdsS 'du < C ft p 'ds a for all intervals QeV a . 
We claim that for any positive measure u, the collection of shifted dyadic grids {V a } /„ i 2\ 

QG i°'3'3J 

satisfies 



p(On^Ewn dv ~ E Ei — if J v = E p ^(c 

Z ' \2rU r \ n tn * ' * ' \(Ta\W lfTa\(t) Z ' 

-K°>§>1} l (r) « e {°i§} 



£=0 , 



for all r. Indeed, for each interval 2 e Q r , there is a G {0, 4,1} and an interval Q G £> a 

containing 2 £ Q r whose length is comparable to that of 2 £ Q r . Thus Q = (I") for some 
universal positive integer c. Now 

F+(u)(x Qr ,£(Q r )) = [ P e(Qr) (x Qr -y)du(y) 



oo - 
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Since a is doubling and I" is the maximal ©"-interval in Q r , we thus have \Q r \ ff < \Ir\c anc ^ 



„ oo 

/ F + u(x,t) p ds = ^|Q r | CT p+^(x Qr ,ng r )) J 



r=l f 1 2-1 r=l 

J] /" Pj>(x,i) p ^ a . 

-{4 J} + 



This together with Theorem 5. 13| reduces the proof of Claim p^ to showing that (5.14) holds 
for all a G {0, |, |}. 



Now the definition of s a in (5.12) shows that the left side of the first line in (5.14) is 

» CO 

/ 2 Pl^ {X Q ^Y ds a = J2 \I?\„ P^ (# Xq^Y ■ 

JM.1 r=1 

Recall that J", Q € T> a . Now if Q C I" for some r, then the above sum consists of just one 
term that satisfies 

\IX Pt y (C X Q "Y < C IIX } Q ! 1 - \Q\ U < CA P (a,, of' \Q\ U . 



\ r I 



Otherwise we have 



Jr + I?CQ /«nQ=0 



< 



*/*,+ yj i/«l E 



/?nQ= 



o (/?) 



(<) 



da; 



Qn(/°) w 



where the local term has been estimated by the dual pivotal condition (5.2) applied to Q. 

Now if J r a C Q (m) \ Qt" 1 " 1 ), then Q n <# ^ only if Q^ C (J r Q ) W . Thus the second term 
on the right can be estimated by 



E E m. E 



m=1 7-°cQ( m )\Q( m - 1 ) 



\(I?) 



(J') 



dbJ 



Qn(i?)( £ > 



< E E ra.E-' ,W '"* 

m=1 ^CQ( m '\Q( m - 1 ) ^=0 



(3 



vW 
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|QM| 



< 



£ 1^5 1 ioi^ 1 



s ie (m) i 



da; 



S ^(xf da (or) |Q| 



ip'-i 



da; < C^4 P (a;, cr 



where we have used 

m=0 '^ ' 

and the half-strengthened A p condition (|5.1|) in the final inequality. 



"" ' do;, 
Q 



IQI 



Now we turn to showing that the second line in (5.14) holds using only the A p condition 
(1.10). First we compute the dual operator (P+ a ) • Since the kernel of P,^ is 



F%i(x,t),y]= J2 Xi 



x 



iev a -.e(i)>t 



t 1 

W)V\ 



xi(y) 



we have for any positive measure \i (x, t) on the upper half space 



H' 



F 



dy 



v{v) 



Yl Xi{x)TTF\T7\Xi{y) }d/j(x,t) 



+ I I &W* :£(!)> t 



S \T\SrW) d ^ M - 



IeT> a :y£l 



Using the third line in (5.12) we compute that 

f rp'ds = v^ \r\ \r\ p ' 

I L Ub a 7 \ 1 r \ a \ 1 r I 

and 



i?cc 



(p*,)* (t^ X Qds a ) (y) = J2 Tni 

Ts-T^n ,*,r- T \ \ -J I\ 



t 



v'-l 



IeT> a :y£l 



00 



\j CiO ry I Ju • V J 



I?CQ 



2" 



Y^U^f-'Yi^^x^Ay) 



r,(i 
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Thus we must prove 
(5.15) 




\ 1 r \a I'r I / , 



I?C( 



(/?) 



(*) 



X 



(i 



)W (y) dw (y) < CU P (w, a) p £ |J?|„ |/,T' 



/, Q CQ 



which is the Poisson condition (1.33) in Theorem |1.29| for the shifted dyadic grid T> a . This 
completes the proof of the first assertion in Claim |3| regarding the case 1 < p < oo. We now 
assume that 1 < p < 2 for the remainder of the proof. 
To obtain (5.15) it suffices to show that for each £ > 0: 

p 



(5. 



16 ) / ( E l J Xl4T'- 2 2- 2 V )W (y)) duj ^ ^ G2-*%( W ,<r)* E |/?U4T' 



Indeed, with this in hand, Minkowski's inequality yields 



(5.17) 



P?*)* (**$&< 



LP(w) 



EEi': 

^=0 I?cQ 



i/ r a r'- 2 2- M x 



w) 



w 



Lp(w) 



OO 

* E 

€=0 



V \r\ \i a ?'~ 2c r u y 

/ v l J r ler l J r I z A(/c 



,(0 



LP(w) 



< C^2"U 



PK u,a) 



e=o 



l J r Icr I r I 



(a + x) p — aP — p(a + x) p 



x. 



as required. 

Note that for a > and p > 1, 

h (x) = 

is decreasing on [0, oo) since 

h! (x) = —p (p — 1) (a + x) p_ x < 0, x > 0. 

Since h (0) = we have /i (a;) < for x > 0, i.e. 



(5.1* 



(a + x) p — a p < p (a + x 



.p- 1 



•r. 



for a,x > and p > 1. 



Now fix an interval Q in (5.16) and arrange the intervals I® that are contained in Q into a 
sequence {J"} r=1 in which the lengths \I°\ are increasing (we may suppose without loss of 
generality that N is finite). Recall we are now assuming 1 < p < 2. Integrate by parts to 
estimate the left side of (5.16) by 

p 



/(El^lJ^r'" 2 X (/ ^)(y)) du(y) 
Jr \ r= i J 
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2 ~^ jj2l\^\^U^f~ a x^ )m (y)j - (E I4X I4T'" V)^)) Wv) 



< 2 



-2p£ 



Jjt y (E \^l l J rT'- 2 x ( z ?) co (v) J I4L I4l p '~ 2 x ( ^> (y) 1 ^ ( y ) 



< 



2 ^s/JS i/?u - 



p-i 



(o 



go 



In la- In 



a,p'-2 , rQ ,|(p'-2)(p-l) 



X( 7 «)W (y) > dw (y) 



ip'-2 



ip'-2 



upon using Q5.18[ ) with a = ]T™ =1 l4 a L I4T X(j«)M (2/) and x = 14 L 14 l P X(/«)«) (?/)> 
and then using |4l P ~ < I4I P ~ f° r 1 < t < "ft, which follows from |/ r a | < |/"| and p' > 2. 
If (7 r a ) W n (4) W ^ and 1 < r < n, then J r a C (J^) W and so 



/ ( E \lX\Ir\ P '~ 2 2- 2 % ?)W (y) J dw(y) 

AT r I n 

< 2-^ P j2\i:ua p,p - 2p E 



p-1 



X(j«)(o (1/) rfw (y) 



n=l 

N 



l<r<n:I?C(I%) (e) 
p-1 



(4 



\W 



^ -2pe „V^ I rot\ \ja\p'p-2p (ja\{l) 
— ^ V / j \ 1 n\a \ 1 n\ \ 1 n) 

n=l 

< 2^V P (^) P £ 141, l4T' p ' 2p |(4) (£) f 

n=l 

AT 

= 2-H ( W , <rf £ \ix \r n f = 2-^pAp (u, af £ 141. I4I P ' • 



n=l 



IS'CC 



Thus we have proved (5.16) for p G (1,2], which completes the proof of (5.14). This finishes 
the proof of Claim [3j and hence also that of Theorem 5.10 



5.2. Necessity of the conditions. Here we consider the two weight Hilbert transform 
inequality for 1 < p < 00. We show the necessity of the strengthened A p condition for 
general weights, as well as the necessity of the dual pivotal condition for the dual testing 
condition, and the dual Poisson inequality for the dual Hilbert transform inequality, when a 
is doubling. 



■ r >N 
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5.2.1. The strengthened A p condition. Here we derive a necessary condition for the weighted 
inequality (1.26) but with the Hilbert transform T in place of Tj,, 



(5.19) 



T(fa)(xfdu(x)<C / \f(x)\ p da(x), 



f 



that is stronger than the two weight A p condition (1.10), namely the strengthened A p condi- 
tion 



(5.20) 



\Q\ 



\Q\ + \x - x Q \ 



<ko (x) 



\Q\ 



\Q\ + \x - x Q \ 



da{x)\ <C\Q\ 



for all intervals Q. 

Preliminary results in this direction were obtained by Muckenhoupt and Wheeden, and in 
the setting of fractional integrals by Gabidzashvili and Kokilashvili, and here we follow the 
argument proving (1.9) in Sawyer and Wheeden [20J, where 'two-tailed' inequalities of the 
type (5.20) originated in the fractional integral setting. A somewhat different approach to 
this for the conjugate operator in the disk when p = 2 uses conformal invariance and appears 
in [10], and provides the first instance of a strengthened Ai condition being proved necessary 
for a two weight inequality for a singular integral. 

Fix an interval Q and for aeR and r > let 

\Q\ + \x - xq\ 

fa,r(y) = X(a-r,a) iv) S Q (vf^ 1 > 

where xq is the center of the interval Q. For convenience we assume that neither u nor a 
have any point masses - see jl] for the modifications necessary when point masses are present. 
For y < x we have 

\Q\(x-y) = \Q\ {x - xq) + \Q\ (x Q - y) 

< (\Q\ + \x-x Q \)(\Q\ + \x Q -y\), 

and so 



i-i 



x-y 
Thus for x > a we obtain that 

H(f a , r a)(x) 



>\Q\ s Q (x)s Q (y) 



y < x. 



^p'- 1 



^— s Q (y) p da (y) 
i a _ r x y 

pa 

> IQl^sgix) / s Q (yf da (y) , 



and hence by (|5.19) for the Hilbert transform H, 



\Q[ 



x 



sq (y) P da (y) du [x 
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< J\H(f a ,.a)(x)\ p duj(x)<C J\f a , r (y)\ P dcr(y)=C ^ s Q (yf da (y) . 
From this we obtain 

\Qr(£s Q (x) p du(x)]f£ S Q(y) p 'da(y)J <C, 
and upon letting r — > oo and taking p th roots, we get 

QH s Q (xfdcu (x)) P QT s Q (yf da (y)) ' <C\Q\. 
Similarly we have 

(£ s Q (xf dw (x)\ ' QH s Q (yf da (y)\ * <C\Q\. 
Now we choose a so that 

/a /*oo i /* 

s Q (yf da (y) = s Q (yf da (y) = - s Q (yf da (y) , 

and conclude that 



i j_ 

t i r „/ \ p' 



s Q (xf du (x)j f / s Q (yf da (y) 

< [ f s Q (x) p dco (*)) ' ( I s Q (yf da (y)^ 7 

i i 

\ p ( r , \? 



+ / s q ( x ) duj ( x )) / s q (y) da (y) 



< 27 (J s Q (x) p du(x)j (J s Q (yfda(y) 

+27 QH s Q (xf dco (*)) P (J* s Q (yf da („)) " 

< 2 1+ VC\Q\. 

5.2.2. Necessity of the dual pivotal condition and the dual Poisson inequality for a doubling 
measure. Here we show first that if a is a doubling measure, then the dual pivotal condition 
(5.2) with 5 (s) = s is implied by the A p condition (1.10) and the dual testing condition for 
the Hilbert transform H, 

(5.21) / \H (xi&) (x)\ p da (x) < C UtatP \I\ U , for all intervals /. 



(il) 
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After this we show that the dual Poisson inequality (5.5) is implied by the A p condition (1.10) 
and the dual Hilbert transform inequality, 

( , 22) J^^^^J^^ for ^0, d „, 

Lemma 5.23. Suppose that a is doubling and T = H is the Hilbert transform. Then the dual 
pivotal condition (5.2) is implied by the A p condition (1.10) and the dual testing condition 

Proof: We begin by proving that for any interval / and any positive measure v supported 
in IR \ J, we have 

H( Xla v)(x)-H( Xl cv){y) 



(5.24) 



P(i» < 



1 



where we here redefine 

(5.25) P(i» 



dv + 2 |/| inf 



1 fj l J l 



x-y 



\Z — Zj\ 



-,dv (z) 



with zj the center of /. Note that this definition of P(7; v) is comparable to that in (5.3) 
with 5 (s) = s. Note also that H (xi" u ) is defined by (5.19) on J, and increasing on I when 
v is positive, so that the infimum in (5.24) is nonnegative. 

To see (5.24), we suppose without loss of generality that I = (—a, a), and a calculation 

1 



then shows that for —a<x<y<a, 



i 



z — y z — x 



(y-x) 



> -^{y-x) 



r (z -y)(z- x) 



-dv (z) , 

y A 



dv (z) 
dv (z) 



since -, h r is positive and satisfies 

(z-y)(z—x) r 



> 



(z — y) (z — x) Az 2 

on each interval (— oo, —a) and (a, oo) in R \ I when —a < x < y < a. Thus we have from 
(p5|, 



P (/;*/) 



dv + 



-dv (z) 



z^ 



\I\ Jj x,yei y-x 
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Now we return to the dual pivotal condition (5.2), and let C Wj0 - )P be the best constant in the 
dual testing condition (5.21) for H. Let Qo = [j r=1 Q r be a pairwise disjoint decomposition 
of Qo and consider e, 5 > which will be chosen at the end of the proof (we will take 5 = | 
and e > very small). For each interval Q r let a r G Q r minimize \H (xq cUJ ) I on Qr, i-e. 

\ H (Xqcu) (a r )\ = mm \H (x q m) (x)\ , 

and set 

Jr,e = (a r - e \Q r \ , a r + e \Q r \) \\ Q r . 

Now for each interval Q r , consider the following three mutually exclusive and exhaustive 



cases: 



Case #1 
Case #2 
Case #3 



vdu (z) 



~ z Qr 



i r a. , ^ HA r 

\Qr\ JQr UU ^ 4 JlR 

j^j J Qr du<^ J RXQr .J .i du (z) and |Q r \ J r , £ \ a > 5 \Q r \ a , 
^ j Qr du<^ / RNQr ^-^ («) and | J r , e | ff > (1 - 5) \Q r \ a . 



\Q 



~ z Qr 



If Q r is a Case #1 interval we have P [Q r , Xq w ) < ^151 /<3 ^ am ^ so 

sfiesCase#l r=l VlVr|jQ r / 



Q r satisfies ' 



^E 



< C p \\(u,a)\\ p ; v 



duo 



duj. 



Qo 



If Q r is a Case #2 or Case #3 interval we have from (5.24) with v = XqqU that for all 



p(g r ;x Qo w) < 6|g r 



# (Xq nQ r u) (x) - H (x Qo nQ r ") M 






- 6 '^l 7T7Y1 i\ H (xQonQ?w) ( X )\ + \ H (x Qo n Q ^) M\} 



e\Q r 



12 



^ — \ H (Xqohq^) ( x )\ ■ 
If now Q r is a Case #2 interval we also have \Q r \ a < g\Q r \ Jr,e\ a an d so 
(5-26) Y, \QrlV(Q r ,x Qo u) P ' 



Q r satisfies Case #2 
1 



< t E |QA^ £ | ct p(Q,,x Qo w) p ' 



Q r satisfies Case #2 



(»2 



< 



< 



< 
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\ H (xQ nQ^) (x)\ P dcr{x) 






C ^,pJ2 / {\ H (*Qo u ) tof + \ H for") tof}** (*) 

CefiA I \H(x Qo u)(x)\ P 'da(x) + JT [ \H ( Xq u) (x)\ P ' da 



X] 



< C e ,s,p \ C \Qo\ u + 2_^ C \QAuj f — C £t s, p \Q 



P IVOL, 



r=l 



where the final inequality follows from (5.21) with I = Qo and then / = Q r . 
Now we use our assumption that a is doubling. There are C, r\ > such that 

W.^(g)' W |. 

whenever J is a sub interval of an interval Q. If Q r is a Case #3 interval we have both 






\Qr\ 



<2eand \J r>£ \ a > (l-S)\Q r \ a , 



which altogether yields 



(l-5)\Q r l<\J r , e l<C 






\Qt 



\Q r \ a < C (2ey \Q r \ a 



which is a contradiction if S = | and e > is chosen sufficiently small, s < | (^) ''. With 
this choice, there are no Case #3 intervals, and so we are done. 

Lemma 5.27. Suppose that a is doubling and T = H is the Hilbert transform. Then the dual 
Poisson inequality (5.5) is implied by the A p condition (1.10) and the dual Hilbert transform 
inequality (5.22). 



Proof: The proof is virtually identical to that of Lemma 5.23 but with dv = XQ o gduj in 
place of XQodu where g > 0. Indeed, if Q r is a Case #1 interval we then have P [Q r , XQ gu) < 

3 \o7\ Jo, 9 duj and so 



\Qr\ JQr 



ifies Case #1 r=l \IVr|jQ r / 



Q r satisfies Case #1 



c„E 



r=l 



|Qr| P 



£ P dw 



< CA(uj, 



(J 



g p dw. 



Qo 
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If Q r is a Case #2 interval, then \Q r \ ff < § \Qr \ Jr,e\ a and 

J2 \Qrl^{Qr,X Qo 9^Y' 

Q r satisfies Case #2 

- J2 \Qr\Jr,e\^(Qr,XQ 9^Y' 



(»;i 



< 



satisfies Case #2 



< 



1 °° /12\ p f ' 

;E 7 / \ H (xQonQ° r 9w) 0)T da (x) 

r=1 V £ J JQr\Jr, S 

oo „ 

< C £A pJ2 I \\H(x Qo gu)(x)\ p '+\H( XQr gu)(x)\ p '}da(x) 



r=l 



" \«r,£ 



< C £tS , P \ \H (xq 9u) (x)\ P da(x) + y2 \ H {x Qr 9^) (x)\ P da 

[Jqo r= i JQr 

< C £ , s Ac [ gP'duJ + JTC [ g p 'd 

{ JQo r= l JQr 



X) 



g p du, 



upon using (5.22) with Qq and Q r , which is (5.5). As before, Case #3 intervals don't exist 



if a is doubling and e > is sufficiently small. 



5.3. Proof of Theorem 1.29 Theorem 5.10 shows that the dual Poisson inequality (5.5) 



holds uniformly in Q and pairwise disjoint {Q r }^Li satisfying \J^ =l Q r C Qo, provided both 
the half-strengthened A p condition (5.1) and the dual pivotal condition (5.2) hold when 



1 < p < 2 - and provided (5.1), (5.2) and the Poisson condition (1.33) hold when p > 2. 



Since a is doubling, Lemma 5.23 shows that the dual pivotal condition (5.2) follows from the 



(5.22). Thus Theorem 1.29 now follows from the claim proved in Subsubsection 5.1.1 that 



dual testing condition (1.30) - and Lemma 5.27 shows that the dual Poisson inequality (5.5) 



hence also the Poisson condition (1.33), follows from the dual Hilbert transform inequality 



(5.5) can be substituted for (1.25) in the proof of Theorem 1.24 
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